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:2`�/2 Q/2` mM;2`�/2 @ /�b Bbi ?B2` /B2 6`�;25
"2�i C�;;B- #2�iXD�;;B!T?#2`MX+?

R 1BMH2BimM;

1b 2`bi�mMi- #2B rB2 pB2H2M K�i?2K�iBb+?2M S? MQK2M2M /B2 S�`Bi i U1B;2Mb+?�7i 2BM2` ;�Mx2M w�?H-
;2`�/2 Q/2` mM;2`�/2 xm b2BMV 2BM2 2Mib+?2B/2M/2 _QHH2 bTB2Hi5 .B2 S�`Bi i Bbi rB+?iB; #2BK "2r2Bb /2`
A``�iBQM�HBi i pQM

√
2- #2BK bQ;2M�MMi2M ǴA;2Hb�ixǴ Q/2` #2B /2` 1mH2`@*?�`�Fi2`BbiBF- 2b ;B#i ;2`�/2

mM/ mM;2`�/2 6mMFiBQM2M- ;2`�/2 mM/ mM;2`�/2 S2`Kmi�iBQM2M- XXXX

.B2 GBbi2 /2` �m7;27Ƀ?`i2M "2BbTB2H2 Bbi MB+?i �#b+?HB2bb2M/X

k 1BM a�ix /2` :`�T?2Mi?2Q`B2- /�b G2KK� pQM aT2`M2`
mM/ /2` 6BtTmMFib�ix pQM "`Qmr2`

qB` #2;BMM2M KBi 2BM2K 2BM7�+?2M a�ix �mb /2` :`�T?2Mi?2Q`B2X JBi /B2b2K a�ix H bbi bB+? /�b bQ@
;2M�MMi2 G2KK� pQM aT2`M2` #2r2Bb2MX �mb /2K G2KK� pQM aT2`M2` rB2/2`mK F�MM /2` #2F�MMi2
6BtTmMFib�ix pQM "`Qmr2` ;27QH;2`i r2`/2M5

1BM :`�T? #2bi2?i �mb 2BM2` J2M;2 pQM 1+F2M USmMFi2MV xmb�KK2M KBi 2BM2` J2M;2 pQM E�Mi2M
UGBMB2MV- r2H+?2 D2 xr2B 1+F2M UMB+?i mM#2/BM;i p2`b+?B2/2M2V p2`#BM/2MX

.2` :`�/ 2BM2` 1+F2 E Bbi /B2 �Mx�?H E�Mi2M- /B2 #2B E �MFQKK2MX

a�ix, AM 2BM2K :`�T?2M Bbi /B2 �Mx�?H /2` 1+F2M KBi mM;2`�/2K :`�/ bi2ib ;2`�/2X

AM /B2b2K :`�T?2M ;B#i 2b 6 1+F2M Ub+?r�`xV KBi mM;2`�/2K :`�/X

"2r2Bb, JBi AM/mFiBQM Ƀ#2` /B2 �Mx�?H /2` E�Mi2M,

AM 2BM2K :`�T?2M Q?M2 E�Mi2M Bbi /2` :`�/ D2/2` 1+F2 ;H2B+? 0- �HbQ Bbi /B2 �Mx�?H /2` 1+F2M KBi
mM;2`�/2K :`�/ 2#2M7�HHb ;H2B+? 0 mM/ bQKBi ;2`�/2X
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a2B G 2BM :`�T?- BM /2K /B2 �Mx�?H /2` 1+F2M KBi mM;2`�/2K :`�/ ;2`�/2 BbiX qB` 7Ƀ;2M xm G 2BM2
r2Bi2`2 E�Mi2 k ?BMxm- r2H+?2 /B2 1+F2M Ei mM/ Ej p2`#BM/2iX

6�HH R, >�ii2M Ei mM/ Ej pQ` /2K wm7Ƀ;2M pQM k mMi2`b+?B2/HB+?2 S�`Bi i- /�MM p2` M/2`i bB+? /m`+?
/�b wm7Ƀ;2M pQM k /B2 �Mx�?H /2` 1+F2M KBi mM;2`�/2M :`�/ mM/ �m+? /B2 �Mx�?H /2` 1+F2M KBi
;2`�/2M :`�/ MB+?ic /B2 S�`Bi i2M r2`/2M 2BM7�+? p2`i�mb+?iX

6�HH k, Abi Ei = Ej - /�MM 2`?ƺ?i bB+? /m`+? /�b >BMxm7Ƀ;2M /2` E�Mi2 k /2` :`�/ pQM Ei = Ej mK 2-
/B2 S�`Bi i U;2`�/2 Q/2` mM;2`�/2V #H2B#iX

qB` FƺMM2M BK 6QH;2M/2M Ei ̸= Ej �MM2?K2MX

6�HH j�, >�ii2M Ei mM/ Ej pQ` /2K wm7Ƀ;2M pQM k #2B/2 ;2`�/2M :`�/- /�MM p2`KBM/2`i bB+? /m`+?
/�b wm7Ƀ;2M pQM k /B2 �Mx�?H /2` 1+F2M KBi ;2`�/2M :`�/ mK 2- r ?`2M/ bB+? /B2 �Mx�?H /2` 1+F2M
KBi mM;2`�/2K :`�/ mK 2 2`?ƺ?iX

6�HH j#, >�ii2M Ei mM/ Ej pQ` /2K wm7Ƀ;2M pQM k #2B/2 mM;2`�/2M :`�/- /�MM 2`?ƺ?i bB+? /m`+? /�b
wm7Ƀ;2M pQM k /B2 �Mx�?H /2` 1+F2M KBi ;2`�/2M :`�/ mK 2- r ?`2M/ bB+? /B2 �Mx�?H /2` 1+F2M KBi
mM;2`�/2K :`�/ mK 2 p2`KBM/2`iX

AM D2/2K 6�HH ?�i �m+? /2` M2m2 :`�T? G ∪ {k} 2BM2 ;2`�/2 �Mx�?H pQM 1+F2M KBi mM;2`�/2K :`�/X
✷

.�b G2KK� pQM aT2`M2`

1BM .`2B2+F ABC b2B i`B�M;mHB2`i- �HbQ BM 2BM2 2M/HB+?2 �Mx�?H pQM ǴFH2BM2MǴ h2BH/`2B2+F2M
x2`H2;i- /B2 E�Mi2 �M E�Mi2 xmb�KK2MbiQbb2MX .B2 1+FTmMFi2 /2` h`B�M;mHB2`mM; UBX2X /2`
h2BH/`2B2+F2V b2B2M KBi /2M 6�`#2M b+?r�`x- ;`�m mM/ r2Bbb ;27 `#i mM/ xr�` bQ- /�bb
#2B /2M 1+FTmMFi2M A,B mM/ C �HH2 /`2B 6�`#2M pQ`FQKK2M
U/�b .`2B2+F ABC Bbi Ǵj@;27 `#iǴVc
SmMFi2 �m7 /2` E�Mi2 b+?r�`x@;`�m Mm` KBi /2M 6�`#2M b+?r�`x mM/ ;`�m-
SmMFi2 �m7 /2` E�Mi2 ;`�m@r2Bbb Mm` KBi /2M 6�`#2M ;`�m mM/ r2Bbb-
SmMFi2 �m7 /2` E�Mi2 r2Bbb@b+?r�`x Mm` KBi /2M 6�`#2M r2Bbb mM/ b+?r�`x ;27 `#i bBM/X
SmMFi2 BK AMM2`M /2b .`2B2+Fb ABC FƺMM2M #2HB2#B; ;27 `#i b2BMX

.�MM ;B#i 2b BM /2` h`B�M;mHB2`mM; bi2ib 2BM2 mM;2`�/2 �Mx�?H Ǵj@;27 `#i2`Ǵ h2BH/`2B2+F2-
�HbQ KBM/2bi2Mb 2BM2b5
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"2r2Bb, 1BM .`2B2+F KBi /2M 1+FTmMFi2M A,B,C b2B i`B�M;mHB2`i mM/ /B2 1+FTmMFi2 /2` h`B�M;mHB2@
`mM; M�+? /2M oQ`;�#2M /2b G2KK�b ;27 `#iX

qB` 2`x2m;2M 2BM2M :`�T?2M BM /2` 7QH;2M/2M �`i,

qB` r ?H2M 2BM2M SmMFi E0 �mbb2`?�H# /2b ;`Qbb2M .`2B2+Fb ABC mM/ BM D2/2K h2BH/`2B2+F /2`
h`B�M;mHB2`mM; 2BM2M SmMFi E1, E2, · · · , EnX qB` p2`#BM/2M xr2B /B2b2` SmMFi2 ;2M�m /�MM KBi 2BM2`
GBMB2fE�Mi2- r2MM /B2 #2B/2M xm;2?ƺ`B;2M h2BH/`2B2+F2 /2` h`B�M;mHB2`mM; 2BM2 ;2K2BMb�K2 a2Bi2 KBi
2BM2K b+?r�`x2M mM/ 2BM2K ;`�m2M 1+FTmMFi ?�#2M UbB2?2 "BH/ HBMFbVX

J�M #2�+?i2- /�bb bQ /B2 a2Bi2M b+?r�`x@r2Bbb mM/ r2Bbb@;`�m /2b .`2B2+Fb ABC pQM F2BM2M E�Mi2M
;2F`2mxi r2`/2MX

LmM #2i`�+?i2M rB` /B2 :`�/2 U�Mx�?H E�Mi2M- /B2 #2B 2BM2` 1+F2 �MFQKK2MV /2` SmMFi2
E0, E1, E2, · · · , En /2b bQ 2Mibi�M/2M2M :`�T?2M U"BH/ `2+?ibV,

1MiH�M; /2` E�Mi2 AB Kmbb 2b 2BM2 mM;2`�/2 �Mx�?H q2+?b2H xrBb+?2M /2M 6�`#2M b+?r�`x mM/ ;`�m
;2#2MX aQKBi F`2mxi 2BM2 mM;2`�/2 w�?H pQM E�Mi2M /B2b2 ;`Qbb2 E�Mi2X .2` :`�/ pQM E0 rB`/ �HbQ
mM;2`�/2 b2BMX

6Ƀ` /B2 SmMFi2 E1, E2, · · · , En BK AMM2`M /2b .`2B2+Fb ABC ;B#i 2b xm2`bi 2BMK�H xr2B 6 HH2 xm
mMi2`b+?2B/2M,

U�V .2` SmMFi ;2?ƺ`i xm 2BM2K h2BH/`2B2+F /2` h`B�M;mHB2`mM;- r2H+?2b F2BM2 a2Bi2 KBi 2BM2K b+?r�`x2M
mM/ 2BM2K ;`�m2M 1+FTmMFi ?�iX .�MM Bbi /2` :`�/ /2b 2MibT`2+?2M/2M SmMFi2b ;H2B+? 0 UxmK "2BbTB2H
E2VX

U#V .2` SmMFi ;2?ƺ`i xm 2BM2K h2BH/`2B2+F KBi UKBM/2bi2MbV 2BM2` b+?r�`x@;`�m2M a2Bi2X .�MM ;B#i 2b
7Ƀ` /B2 6�`#2 /2` /`Bii2M 1+F2 /2b .`2B2+Fb /`2B Jƺ;HB+?F2Bi2M, b+?r�`x- ;`�m Q/2` r2BbbX
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1+F2M;`�/ 2 1+F2M;`�/ 2 1+F2M;`�/ 1

Lm` #2BK .`2B2+F `2+?ib KBi /2M 1+F2M b+?r�`x- ;`�m mM/ r2Bbb Bbi /2` :`�/ /2b SmMFi2b E mM;2`�/2 UM KHB+?
1VX

q2BH MmM /2` :`�/ pQM E0 mM;2`�/2 Bbi mM/ r2BH /B2 �Mx�?H /2` SmMFi2 KBi mM;2`�/2K :`�/ ;2`�/2
Bbi UbB2?2 Q#2MV- Kmbb 2b BK AMM2`M /2b .`2B2+Fb KBM/2bi2Mb 2BM2M SmMFi KBi mM;2`�/2K :`�/- �HbQ
KBi :`�/ 1 - ;2#2MX 1b Kmbb �HbQ KBM/2bi2Mb 2BM h2BH/`2B2+F KBi 2BM2` b+?r�`x2M- 2BM2` ;`�m2M mM/
2BM2` r2Bbb2M 1+F2 2tBbiB2`2MX

:2M�m /B2 SmMFi2 KBi :`�/ 1 ;2?ƺ`2M xm h2BH/`2B2+F2M- /2`2M 1+F2M KBi /2M /`2B 6�`#2M ;27 `#i bBM/5
AM mMb2`2K "2BbTB2H bBM/ 2b 5 SmMFi2 KBi :`�/ 1 - �HbQ ;B#i 2b ;2M�m 5 /`2B7�`#B;2 h2BH/`2B2+F2 U;`�m
b+?�iiB2`iVX ✷

"2K2`FmM;, .�b G2KK� pQM aT2`M2` H bbi bB+? �m7 n@/BK2MbBQM�H2 aBKTHBx2b p2`�HH;2K2BM2`MX

6BtTmMFib�ix pQM "`Qmr2` URNRRV, C2/2 bi2B;2 �##BH/mM; f : Bn −→ Bn 2BM2`
n@/BK2MbBQM�H2M Em;2H �m7 bB+? b2H#2` ?�i KBM/2bi2Mb 2BM2M 6BtTmMFi U�HbQ 2BM2M SmMFi
x ∈ Bn KBi f(x) = xVX
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6Ƀ` .BK2MbBQM n = 1 - �HbQ 7Ƀ` 2BM AMi2`p�HH- 7QH;i /B2b2` a�ix H2B+?i �mb /2K wrBb+?2Mr2`ib�ix,

a2B f : [a, b] −→ [a, b] 2BM2 bi2iB;2 �##BH/mM; /2b AMi2`p�HHb [a, b] �m7 bB+? b2H#bi
Ua < b pQ`�mb;2b2ixiVX

.� f bi2iB; Bbi- Bbi �m+? φ(x) := f(x)− x bi2iB;X

LmM Bbi φ(a) = f(a)− a ≥0 mM/ φ(b) = f(b)− b ≤0 X

.B2 aT2xB�H7 HH2 φ(a) = 0 #xrX φ(b) = 0 2`;2#2M bB+? Mm`- r2MM f(a) = a #xrX f(b) = b ;BHiX .�b ?2Bbbi
�HbQ- /�bb 2Mir2/2` a Q/2` b 6BtTmMFi2 pQM 7 bBM/ Q/2` φ(a) > 0 #xrX φ(b) < 0 ;2Hi2M KmbbX

�mb G2ixi2`2K 7QH;i M�+? /2K wrBb+?2Mr2`ib�ix KBii2Hb /2` ai2iB;F2Bi pQM φ- /�bb 2b KBM/2bi2Mb 2BM
x0 ∈ (a, b) ;2#2M Kmbb KBi φ(x0) = 0 X .�`�mb 7QH;i /�MM f(x0) = x0 mM/ bQKBi- /�bb x0 2BM 6BtTmMFi
pQM f BbiX ✷

6Ƀ` ?ƺ?2`2 .BK2MbBQM2M Bbi "`Qmr2`b "2r2Bb /Q+? 2BMB;2`K�bb2M FQKTHBxB2`iX 1b r�` /�?2` 2BM2 ;`Qbb2
ɂ#2``�b+?mM;- �Hb RNk3 /2` DmM;2 1K�Mm2H aT2`M2` U2` r�` /�K�Hb kj C�?`2 �HiV 2BM 2BM7�+?2b FQK@
#BM�iQ`Bb+?2b _2bmHi�i U/�b G2KK� pQM aT2`M2`V pQ`H2;i2- �mb /2K "`Qmr2`b 6BtTmMFib�ix ;27QH;2`i
r2`/2M F�MM5

6Ƀ` /B2 .BK2MbBQM 2 7Ƀ?`i aT2`M2` /2M "2r2Bb MB+?i 7Ƀ` 2BM2 E`2Bbb+?2B#2- bQM/2`M 7Ƀ` 2BM .`2B2+FX
AM /B2b2K .`2B2+F #2i`�+?i2i 2` 2BM2 6QH;2 BKK2` 72BM2`2` h`B�M;mH�iBQM2M xmb�KK2M KBi 2BM2` 6QH;2
3 @;27 `#i2` .`2B2+F2- r2H+?2 b+?HB2bbHB+? ;2;2M 2BM2M 6BtTmMFi /2` �##BH/mM; f FQMp2`;B2`2MX

6Ƀ` 2BM2M pQHHbi M/B;2M "2r2Bb bB2?2 xmK "2BbTB2H JX �B;M2`- :X wB2;H2`- .�b "m+? /2` "2r2Bb2-
aT`BM;2` o2`H�;- kyyk

j LQ+? K2?` :`�T?2Mi?2Q`B2, 1mH2`xɃ;2f1mH2`F`2Bb2

1BM 1mH2`xm; BM 2BM2K :`�T?2M Bbi 2BM q2;- /2` �HH2 E�Mi2M 2BM2b :`�T?2M ;2M�m 2BMK�H 2Mi? HiX

1BM 1mH2`F`2Bb BM 2BM2K :`�T?2M Bbi 2BM ;2b+?HQbb2M2` q2;- /2` �HH2 E�Mi2M 2BM2b :`�T?2M ;2M�m
2BMK�H 2Mi? HiX �M7�M;b@ mM/ 1M/TmMFi /2b q2;2b bBM/ B/2MiBb+?X

a�ix, 1BM xmb�KK2M? M;2M/2` :`�T? #2bBixi ;2M�m /�MM 2BM2M 1mH2`xm;- r2MM /B2 �Mx�?H
1+F2M KBi mM;2`�/2K :`�/ ;H2B+? 0 Q/2` ;H2B+? 2 BbiX

a�ix, 1BM xmb�KK2M? M;2M/2` :`�T? #2bBixi ;2M�m /�MM 2BM2M 1mH2`F`2Bb- r2MM /B2 �M@
x�?H 1+F2M KBi mM;2`�/2K :`�/ ;H2B+? 0 BbiX
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.2` :`�T?- /2` xmK Ǵ>�mb /2b LBFQH�mbǴ ;2?ƺ`i- #2bBixi 2BM2M 1mH2`xm;X Lm` /B2 #2B/2M 1+FTmMFi2
mMi2M ?�#2M :`�/ 3- �HbQ mM;2`�/2M :`�/X

.2` :`�T?- /2` xmK #2`Ƀ?Ki2M ǶEƺMB;b#2`;2` "`Ƀ+F2MT`Q#H2KǶ ;2?ƺ`i- #2bBixi F2BM2M 1mH2`xm;X �HH2
pB2` 1+FTmMFi2 /2b xm;2?ƺ`B;2M :`�T?2M ?�#2M mM;2`�/2M :`�/X

oQ`bB+?i, 1BM2 Ƕ;HQ#�H2Ƕ GƺbmM; /2b S`Q#H2Kb 2tBbiB2`i b2?` rQ?H5 aB2?2 mMi2MX
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9 :2`�/2 mM/ mM;2`�/2 6mMFiBQM2M

1BM2 6mMFiBQM f : R −→ R ?2Bbbi ;2`�/2- r2MM f(x) = f(−x) ;BHi 7Ƀ` �HH2 x ∈ RX

1BM2 6mMFiBQM f : R −→ R ?2Bbbi mM;2`�/2- r2MM f(x) = −f(−x) ;BHi 7Ƀ` �HH2 x ∈ RX

"2BbTB2H2 7Ƀ` ;2`�/2 6mMFiBQM2M bBM/
f(x) = . . . , x−4, x−2, x0, x2, x4, . . .- r2Bi2` f(x) = cosxX

"2BbTB2H2 7Ƀ` mM;2`�/2 6mMFiBQM2M bBM/
f(x) = . . . , x−3, x−1, x1, x3, x5, . . .- r2Bi2` f(x) = sinxX

qB2 ? m}; Ƀ#2`i` ;i bB+? /B2b2 bT2xB2HH2 1B;2Mb+?�7i 2BM2` 6mMFiBQM �m7 /2`2M :`�T?2M mM/ mK;2F2?`i,

f Bbi ;2`�/2 ⇐⇒ .2` :`�T? pQM f Bbi �+?b2MbvKK2i`Bb+? xm` y@�+?b2X
f Bbi mM;2`�/2 ⇐⇒ .2` :`�T? pQM f Bbi TmMFibvKK2i`Bb+? xmK l`bT`mM;X

.`2B "2BbTB2H2 pQM ;2`�/2M 6mMFiBQM2M .`2B "2BbTB2H2 pQM mM;2`�/2M 6mMFiBQM2M

1`bi�mMHB+? Bbi /2` 7QH;2M/2

a�ix, C2/2 6mMFiBQM f : R −→ R H bbi bB+? �Hb amKK2 2BM2` ;2`�/2M mM/ 2BM2` mM;2`�/2M
6mMFiBQM /�`bi2HH2MX

"2;`ɃM/mM;, 1BM2 6mMFiBQM f : R −→ R b2B ;2;2#2MX

qB` b2ix2M g(x) = f(x)+f(−x)
2 mM/ u(x) = f(x)−f(−x)

2 X

aQ rB`/ g(x) + u(x) = f(x)+f(−x)
2 + f(x)−f(−x)

2 = f(x)+f(−x)+f(x)−f(−x)
2 = f(x)X

q2Bi2` ;BHi

g(−x) = f(−x)+f(−(−x))
2 = f(−x)+f(x)

2 = g(x)- �HbQ Bbi g 2BM2 ;2`�/2 6mMFiBQMX

mM/

u(−x) = f(−x)−f(−(−x))
2 = f(−x)−f(x)

2 = −f(x)−f(−x)
2 = −u(x)- �HbQ Bbi u 2BM2 mM;2`�/2 6mMFiBQMX ✷
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"2BbTB2H2,

RX f(x) = ex = ex+e−x

2 + ex−e−x

2 = coshx+ sinhx

kX f(x) = ax3+ bx2+ cx+ d =

ax3+ bx2+ cx+ d+ a(−x)3+ b(−x)2+ c(−x) + d

2

+
ax3+ bx2+ cx+ d−

(
a(−x)3+ b(−x)2+ c(−x) + d

)

2

=
2bx2+ 2d

2
+

2ax3+ 2cx

2
=

(
bx2+ dx0

)
+

(
ax3+ cx1

)

1BM2 SQHvMQK7mMFiBQM rB`/ 2BM7�+? BM h2`K2 KBi ;2`�/2M mM/ h2`K2 KBi mM;2`�/2M SQi2Mx2M pQM x
�m7;2bT�Hi2MX

8 :2`�/2 mM/ mM;2`�/2 S2`Kmi�iBQM2M

JBi Sn #2x2B+?M2M rB` /B2 :`mTT2 �HH2` S2`Kmi�iBQM2M /2` J2M;2 {1, 2, . . . , n}X

.�b oQ`x2B+?2M 2BM2` S2`Kmi�iBQM

π =

(
1 2 3 · · · n− 1 n

π(1) π(2) π(3) · · · π(n− 1) π(n)

)

Bbi /2}MB2`i /m`+? b;M π = (−1)|BMp (π)|, rQ#2B

BMp (π) = {(π(i),π(j)) ∈ {1, 2, . . . n}× {1, 2, . . . n} : i < j mM/ π(i) > π(j)}

/B2 J2M;2 /2` 62?Hbi M/2 /2` S2`Kmi�iBQM BbiX

Abi /�b oQ`x2B+?2M pQM π ;H2B+? +1- M2MMi K�M /B2 S2`Kmi�iBQM ;2`�/2- Bbi b;M π = −1- /�MM ?2Bbbi
π mM;2`�/2X

"2BbTB2H R, .B2 62?Hbi M/2 /2` S2`Kmi�iBQM

π =

(
1 2 3 4 5
2 1 4 5 3

)

bBM/ (2, 1), (4, 3) mM/ (5, 3)- bQKBi Bbi b;M (π) = (−1)3= −1 mM/ /�KBi Bbi π mM;2`�/2X

"2BbTB2H k, .B2 B/2MiBb+?2 S2`Kmi�iBQM

π =

(
1 2 3 · · · n− 1 n
1 2 3 · · · n− 1 n

)

Bbi BKK2` ;2`�/2- /2MM bB2 r2Bbi F2BM2 62?Hbi M/2 �m7X
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"2BbTB2H j, S2`Kmi�iBQM2M pQM S3

S2`Kmi�iBQM 62?Hbi M/2 oQ`x2B+?2M(
1 2 3
1 2 3

)
− +1

(
1 2 3
1 3 2

)
(3, 2) −1

(
1 2 3
2 1 3

)
(2, 1) −1

(
1 2 3
2 3 1

)
(2, 1), (3, 1) +1

(
1 2 3
3 1 2

)
(3, 1), (3, 2) +1

(
1 2 3
3 2 1

)
(3, 2), (3, 1), (2, 1) −1

�Mr2M/mM;, AK C�?`2 R33y 2`7�M/ /2` �K2`BF�MBb+?2 SQbi#2�Ki2 LQv2b S�HK2` *?�TK�M 7QH;2M/2b
_ ib2H,

AM 2BM2` [m�/`�iBb+?2M a+?�+?i2H HB2;2M aTB2Hbi2BM2 KBi /2M w�?H2M 1− 15 X 1BM 62H/ Ub+?r�`xV Bbi 7`2BX
1BM Up2`iBF�H Q/2` ?Q`BxQMi�HV #2M�+?#�`i2` aTB2Hbi2BM F�MM D2r2BHb BM /�b 7`2B2 62H/ ?BM2BM;2b+?Q#2M
r2`/2MX

LmM r2`/2M /B2 ai2BM2 14 mM/ 15 p2`i�mb+?i U"BH/ HBMFbVX wB2H Bbi 2b- /B2 m`bT`ɃM;HB+?2 �MQ`/MmM; /2`
aTB2Hbi2BM2 U"BH/ `2+?ibV rB2/2`?2`xmbi2HH2MX

/B2 ai2BM2 R9 mM/ R8 bBM/ p2`i�mb+?i m`bT`ɃM;HB+?2 �MQ`/MmM;

.2` 2`bi2 S`2Bb pQM Ryyy .QHH�`- /2` 7Ƀ` /B2 `B+?iB;2 GƺbmM; �mb;2b+?`B2#2M r�`- rm`/2 MB2 p2`;2#2M-
Q#;H2B+? h�mb2M/2 pQM G2mi2M #2?�mTi2i2M- /B2 ;2bi2HHi2 �m7;�#2 ;2Hƺbi xm ?�#2MX .�b 2`bi�mMi MB+?i-
/2MM /�b _ ib2H Bbi mMHƺb#�`5
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wmK "2r2Bb Ƀ#2`b2ixi K�M 2BM2 �MQ`/MmM; /2` aTB2Hbi2BM2 BM 2BM2 S2`Kmi�iBQM π U/�b H22`2 62H/ rB`/
2BM7�+? B;MQ`B2`iV mM/ #2i`�+?i2i /�MM /B2 amKK2

N = |BMp (π)|+ n

rQ#2B |BMp (π)| = /B2 �Mx�?H /2` 62?Hbi M/2 /2` S2`Kmi�iBQM mM/

n = /B2 w2BH2 /2b H22`2M 62H/2b BbiX

JBii2Hb 6�HHmMi2`b+?2B/mM; Bbi H2B+?i 2BMxmb2?2M- /�bb /B2 S�`Bi i pQM N #2B D2/2K 2`H�m#i2M wm;
BMp�`B�Mi #H2B#iX qB`/ 2BM aTB2Hbi2BM ?Q`BxQMi�H p2`b+?Q#2M-  M/2`i r2/2` /B2 S2`Kmi�iBQM MQ+? /B2
w2BH2- BM /2` bB+? /�b H22`2 62H/ #2}M/2iX qB`/ 2BM aTB2Hbi2BM p2`iBF�H p2`b+?Q#2M- /�MM  M/2`i /B2 w2BH2
/2b H22`2M 62H/2b mK ± 1- #2B /2` S2`Kmi�iBQM ;B#i 2b BKK2` ;2M�m /`2B w�?H2MT��`2- #2B /2M2M /2`
wmbi�M/ pQM ǶF2BM 62?Hbi�M/Ƕ xm Ƕ62?Hbi�M/Ƕ Q/2` pQM Ƕ62?Hbi�M/Ƕ xm ǶF2BM 62?Hbi�M/Ƕ  M/2`iX

"2BbTB2H,

1BM Kƺ;HB+?2` wm;, aTB2Hbi2BM 8 rB`/ b2MF`2+?i M�+? mMi2M ;2b+?Q#2MX

.2` ai2HHmM; HBMFb 2MibT`B+?i /B2 S2`Kmi�iBQM

π1 =

(
R k j 9 8 e d 3 N Ry RR Rk Rj R9 R8
8 j d k N R 3 Ry e Rk R8 Rj R9 RR 9

)

π1 ?�i 31 62?Hbi M/2X .�b b+?r�`x2 62H/ Bbi BM /2` w2BH2 j- �HbQ Bbi N1 = 31 + 3 = 34 X

.2` ai2HHmM; `2+?ib 2MibT`B+?i /B2 S2`Kmi�iBQM

π2 =

(
R k j 9 8 e d 3 N Ry RR Rk Rj R9 R8
8 j d k N R Ry e Rk 3 R8 Rj R9 RR 9

)

π2 ?�i 32 62?Hbi M/2X .�b b+?r�`x2 62H/ Bbi BM /2` w2BH2 k- �HbQ Bbi N2 = 32 + 2 = 34 X

o2`;H2B+?i K�M π1 KBi π2- /�MM rB`/ �mb (8, 10) /2` 62?Hbi�M/ (10, 8)- �mb /2K 62?Hbi�M/ (8, 6) rB`/
(6, 8) mM/ �mb (8, 12) rB`/ /2` 62?Hbi�M/ (12, 8)X "2B �HH2M �M/2`2M w�?H2MT��`2M  M/2`i bB+? MB+?ibX

.B2 S�`Bi i2M pQM N1 mM/ N2 bBM/ 7QH;HB+? ;H2B+?X UAM mMb2`2K "2BbTB2H bBM/ �mbM�?Kbr2Bb2 bQ;�` /B2
amKK2M b2H#2` ;H2B+?XV
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e .B2 Ƕ_mbbBb+?2Ƕ "�m2`MKmHiBTHBF�iBQM

.B2 _mbbBb+?2 "�m2`MKmHiBTHBF�iBQM U�m+? �;vTiBb+?2b JmHiBTHBxB2`2M- �#2bbBMBb+?2 "�m2`M`2;2H Q/2`
o2`/QTTHmM;b@>�H#B2`mM;b@J2i?Q/2 ;2M�MMiV Bbi 2BM 2BM7�+?2b o2`7�?`2M xm` JmHiBTHBF�iBQM xr2B2`
M�iɃ`HB+?2` w�?H2MX a+?QM BK �Hi2`imK #2F�MMi- r�` /�b o2`7�?`2M BM .2mib+?H�M/ #Bb BMb JBii2H�Hi2`
mM/ BM _mbbH�M/ #Bb r2Bi BM /B2 L2mx2Bi Ƀ#HB+?- rQ?2` �m+? /2` L�K2 `Ƀ?`iX

"2BbTB2H, qB` Kƺ+?i2M /�b S`Q/mFi 178 · 113 #2`2+?M2MX

.2M 2`bi2M 6�FiQ` 178 i2BH2M rB` 7Q`i;2b2ixi /m`+? 2X :2?i 2b MB+?i �m7- /�MM `mM/2M rB` �#X UaB2?2
aT�Hi2 HBMFb BK "BH/ RV

.2M xr2Bi2M 6�FiQ` 113 p2`/QTT2HM rB` 7Q`i;2b2ixiX UaB2?2 aT�Hi2 `2+?ib BK "BH/ RVX

"BH/ R "BH/ k

LmM bi`2B+?2M rB` w2BH2M- #2B /2M2M /B2 HBMF2 w�?H ;2`�/2 Bbi UbB2?2 "BH/ kVX

.�b S`Q/mFi pQM 178 mM/ 113 2`;B#i bB+? /�MM �Hb amKK2 /2` p2`#H2B#2M/2M w�?H2M BM /2` aT�Hi2
`2+?ib BM "BH/ k,

178 · 113 = 226 + 1808 + 3616 + 14′464 = 20′114

.B2 `mbbBb+?2 "�m2`MKmHiBTHBF�iBQM F�MM /m`+? w2`H2;mM; /2b 2BM2M 6�FiQ`b BM wr2B2`TQi2Mx2M M�+?@
pQHHxQ;2M r2`/2M,

178 · 113 =
(
0 · 20 + 1 · 21 + 0 · 22 + 0 · 23 + 1 · 24 + 1 · 25 + 0 · 26 + 1 · 27

)
· 113

= 21 · 113 + 24 · 113 + 25 · 113 + 27 · 113
= 226 + 1808 + 3616 + 14′464 = 20′114

.B2 amKK�M/2M- /B2 /2M 6�FiQ` LmHH 2Mi?�Hi2M- 2MibT`2+?2M /2M w2BH2M- /B2 ;2bi`B+?2M r2`/2MX
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d A``�iBQM�HBi i pQM
√
2

a�ix,
√
2 Bbi B``�iBQM�HX

"2r2Bb, :2;2M�MM�?K2,
√
2 = p

q 7Ƀ` M�iɃ`HB+?2 w�?H2M p mM/ qX

qB` FƺMM2M �MM2?K2M- /�bb /2` "`m+? p
q b+?QM ;2FɃ`xi BbiX

1b rB`/ 2 = p2

q2 =⇒ p2 = 2q2X �HbQ Bbi p2 2BM2 ;2`�/2 w�?H mM/ /�KBi Bbi �m+? p 2BM2 ;2`�/2 w�?HX

Uq `2 p = 2k −1 mM;2`�/2- /�MM �m+? p2 = (2k −1)2 = 4k2 −4k + 1 = 2
(
2k2 −2k

)
+ 1XV

JBi p = 2k rB`/ p2 = 4k2 mM/ /�KBi p2 = 4k2 = 2q2 Q/2` q2 = 2k2X �HbQ Bbi q2 ;2`�/2 mM/ /�KBi
�m+? q ;2`�/2X

.�b Bbi �#2` 2BM qB/2`bT`m+? xm` �MM�?K2- /�bb /2` "`m+? p
q b+?QM ;2FɃ`xi BbiX ✷

3 .2` a�ix pQM 1mH2`@SQBM+�`û 7Ƀ` d@/BK2MbBQM�H2 SQHviQT2

lMi2` 2BM2K d@SQHviQT p2`bi2?2M rB` 2BM p2`�HH;2K2BM2`i2b SQHv;QM /2` .BK2MbBQM dX

1BM 0 @SQHviQT Bbi 2BM2 2BMx2HM2 1+F2 U2BM SmMFiVc

2BM 1@SQHviQT #2bi2?i �mb xr2B 1+F2M- /B2 /m`+? 2BM2 E�Mi2 p2`#mM/2M bBM/c

2BM 2@SQHviQT #2bi2?i �mb K2?`2`2M- D2r2BHb �M 2BM2` 1+F2 p2`#mM/2M2M- 2BM2M wvFHmb #BH/2M/2M
1@SQHviQT2M mM/ bi2HHi bQKBi 2BM SQHv;QM /�`c

2BM 3 @SQHviQT #2bi2?i rB2/2`mK �mb K2?`2`2M �M /2M E�Mi2M p2`#mM/2M2M 2@SQHviQT2M mM/ bi2HHi
bQKBi 2BM SQHv2/2` /�`X

�HH;2K2BM rB`/ 2BM d@SQHviQT ;2#BH/2i �mb K2?`2`2M (d −1)@SQHviQT2M- /B2 mMi2`2BM�M/2` D2r2BHb
2BM (d −2)@SQHviQT ;2K2BMb�K ?�#2M FƺMM2M UrB2 /B2 ;2K2BMb�K2 1+F2 xr2B2` E�Mi2M Q/2` /B2
;2K2BMb�K2 E�Mi2 xr2B2` 6H +?2MVX
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.2b q2Bi2`2M KɃbb2M �HH2 (d− 2)@lMi2`TQHviQT2 BM ;2M�m xr2B (d− 1)@SQHviQT2M 2Mi?�Hi2M b2BM- mM/
xrBb+?2M xr2B (d− 1)@lMi2`TQHviQT2M Kmbb 2BM2 _2B?2 pQM (d− 1)@lMi2`TQHviQT2M 2tBbiB2`2M- bQ /�bb
D2r2BHb xr2B #2M�+?#�`i2 :HB2/2` �m7 /B2 xmpQ` #2b+?`B2#2M2 q2Bb2 p2`#mM/2M bBM/ Ĝ bQ #BH/2M 2ir�
M�+? /B2b2` .2}MBiBQM K2?`2`2 /BbDmMFi2 SQHv;QM2 xmb�KK2M F2BM 2@SQHviQTX

a�ix U1mH2`@SQBM+�`ûV, 6Ƀ` 2BM d@SQHviQT P #2x2B+?M2M rB` KBi fi(P ) /B2 �Mx�?H /2`
i@/BK2MbBQM�H2M a2Bi2M~ +?2MX .�MM ;BHi 7Ƀ` /B2 1mH2`@*?�`�Fi2`BbiBF pQM P ,

χ(P ) =
d−1∑

i=0

(−1)ifi(P ) = 1− (−1)d

`2bTX

χ(P ) = f0(P )− f1(P ) + f2(P )− f3(P ) + · · · ± · · ·− fd−1(P ) = 0 7Ƀ` d ;2`�/2

χ(P ) = f0(P )− f1(P ) + f2(P )− f3(P ) + · · ·∓ · · ·+ fd−1(P ) = 2 7Ƀ` d mM;2`�/2

"2BbTB2H2,

RX d = 0, 1b ;B#i ;�` F2BM2 (d− 1)@/BK2MbBQM�H2M a2Bi2M~ +?2MX �HbQ Bbi

χ(P ) =
−1∑

i=0

(−1)ifi(P ) = 1− (−1)0 = 0

kX 1BM 1@SQHviQT Bbi 2BM2 ai`2+F2 KBi xr2B 1M/TmMFi2MX �HbQ Bbi

χ(P ) =
0∑

i=0

(−1)ifi(P ) = f0(P ) = 1− (−1)1 = 2

jX 1BM 2@SQHviQT Bbi oB2H2+F KBi n 1+F2M mM/ n E�Mi2MX �HbQ Bbi

χ(P ) =
1∑

i=0

(−1)ifi(P ) = f0(P )− f1(P ) = n− n = 1− (−1)2 = 0
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9X 1BM 3@SQHviQT Bbi 2BM SQHv2/2` KBi e 1+F2M- k E�Mi2M mM/ f a2Bi2M~ +?2MX L�+? /2` #2`Ƀ?Ki2M
1mH2`b+?2M SQHv2/2`7Q`K2H ;BHi,

χ(P ) =
2∑

i=0

(−1)ifi(P ) = f0(P )− f1(P ) + f2(P ) = e− k + f = 1− (−1)3 = 2

.�b .Ƀ`2`@SQHv2/2`

N .2` a�ix pQM JQMbFv

6`�;2, E�MM K�M /�b 1BM?2Bib[m�/`�i BM n .`2B2+F2 /2` 6H +?2 1
n x2`H2;2M\

�MirQ`i, .�b ? M;i pQM /2` S�`Bi i pQM n �#5

a�ix US�mH JQMbFv- RNdyV, 1b Bbi MB+?i Kƺ;HB+?- 2BM Zm�/`�i BM 2BM2 mM;2`�/2 �Mx�?H pQM
.`2B2+F2M ;H2B+?2` 6H +?2 xm x2`H2;2MX

S�mH JQMbFv URNje @ V



44 Numéro 138 Septembre 2018

VSMP — SSPMP — SSIMF

"2K2`FmM;2M,

RX AM 6`�MF`2B+? Bbi /B2b2` a�ix mMi2` ǴJāK2 �B`2 =⇒ n T�B`5Ǵ #2F�MMiX

kX 1b Bbi M�iɃ`HB+? Kƺ;HB+?- 2BM Zm�/`�i BM 2BM2 ;2`�/2 �Mx�?H ~ +?2M;H2B+?2` .`2B2+F2 xm x2`H2;2MX

.B2b2b Zm�/`�i Bbi BM b2+?b ~ +?2M;H2B+?2 .`2B2+F2 x2`H2;iX

jX 6Ƀ` /2M "2r2Bb /2b a�ix2b ?�i JQMbFv M2#2M "2r2`imM;bi?2Q`B2 �m+? /�b G2KK� pQM aT2`M2`
p2`r2M/2i5 aB2?2 xmK "2BbTB2H

?iiTb,ff2MXrBFBT2/B�XQ`;frBFBfJQMbFv$Wkdbni?2Q`2K

Ry .2` ǴA;2Hb�ixǴ

a�ix pQM SQBM+�`û@"`Qmr2`, �m7 2BM2` aT? `2 Sn ;B#i 2b ;2M�m /�MM 2BM i�M;2MiB�H2b-
bi2iB;2b- MB`;2M/b p2`b+?rBM/2M/2b o2FiQ`72H/- r2MM n mM;2`�/2 BbiX

"2K2`FmM;2M,

RX 6Ƀ` S2 UEm;2HQ#2`~ +?2V ;B#i 2b b2?` �Mb+?�mHB+?2 6Q`KmHB2`mM;2M /2b a�ix2b,

ǴC2/2` bi2iB; ;2F KKi2 A;2H ?�i KBM/2bi2Mb 2BM2M :H�ixTmMFi5Ǵ

Q/2`

Ǵ1BM A;2H H bbi bB+? MB+?i F KK2M5Ǵ

1b Bbi MB+?i Kƺ;HB+?- /B2 b2MF`2+?i M�+? Q#2M bi2?2M/2M ai�+?2H /2b A;2Hb Ƀ#2`�HH ;H�ii Ui�M;2MiB�H
�M /2M A;2HV xm ǴF KK2MǴX

AMi2`T`2iB2`i K�M /2M a�ix BK T?vbBF�HBb+?2M aBMM2- bQ F�MM T`BMxBTB2HH MB+?i Ƀ#2`�HH �m7 /2`
1`/2 xm;H2B+? qBM/ r2?2M Ĝ 2b Kmbb �m7 /2` P#2`~ +?2 2BM2b /`2B/BK2MbBQM�H2M Fm;2H7ƺ`KB;2M
SH�M2i2M BKK2` rBM/biBHH2 ai2HH2M ;2#2MX
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kX S1 UE`2BbHBMB2V #2bBixi 2BM i�M;2MiB�H2b- bi2iB;2b- MB`;2M/b p2`b+?rBM/2M/2b o2FiQ`72H/5 AK "BH/
HBMFb bi2?2M /B2 Ǵ>��`2Ǵ MQ+? b2MF`2+?i M�+? Q#2MX AK "BH/ `2+?ib Bbi /B2 E`2BbHBMB2 Ǵ;2F KKiǴX

jX CQ?M JBHMQ` ?�i RNd3 2BM2M 2H2K2Mi�`2M �M�HviBb+?2M "2r2Bb /2b ǴA;2Hb�ix2bǴ ;2;2#2M mM/ /�#2B
xm;H2B+? ;2x2B;i- /�bb /2` "`Qmr2`b+?2 6BtTmMFib�ix UbB2?2 E�TBi2H kV /B`2Fi �m7 B?M xm`Ƀ+F;2@
7Ƀ?`i r2`/2M F�MMX

aB2?2 �m+?
A�M ai2r�`i- .B2 ;2F KKi2 Em;2H, Rd K�i?2K�iBb+?2 Em`x;2b+?B+?i2M �mb aT2Fi`mK /2` qBbb2Mb+?�7i-
:2#mM/2M2 �mb;�#2 RNNd- Aa"L@Rj, Nd3@j3kd9yyNyR

RR wm ;mi2` G2ixi, ǴaB2 HB2#i KB+? @ bB2 HB2#i KB+? MB+?iǴ5\

AM 2BM2` Em`x;2b+?B+?i2 pQM A�M ai2r�`i
UbB2?2 ?iiTb,ffrrrXbT2Fi`mKX/2fK�;�xBMfbB2@HB2#i@KB+?@bB2@HB2#i@KB+?@MB+?if3kjyjdV
rB`/ #2?�mTi2i- /�bb 2BM2 #2biBKKi2 �`i : Mb2#HɃK+?2M BKK2` 34 "HɃi2M#H ii2` ?�iX

aiBKKi /B2b2 "2?�mTimM;- /�MM H bbi bB+? /m`+? "2i`�+?i2M /2` S�`Bi i /2` �Mx�?H "HɃi2M#H ii2` /2K
Ƕwm7�HHǶ #2B /B2b2K 1Mib+?2B/mM;bp2`7�?`2M /Q+? b2?` ;2xB2Hi M�+??2H72M5


