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q2B?M�+?ib�m7;�#2 kyR3 pQM 1`B+? *?X qBiiK�MM
S2i2` :�HHBM- T2i2`!;�HHBMX+?

1b r2`/2M k Eƺ`#2 KBi 1 #Bb k �T72HM pQ`;2;2#2MX .m`+? K2?`7�+?2b lKH2;2M pQM �T72HM ;2K bb
Q#B;2` _2;2H bQHH2M b+?HB2bbHB+? BM �HH2M Eƺ`#2M /B2 ;H2B+?2 �Mx�?H �T72H HB2;2MX .� BMb;2b�Ki

k∑

i=1

i =
k(k + 1)

2

�T72H pQ`?�M/2M bBM/- /B2 �m7 F Eƺ`#2 ;H2B+?K bbB; p2`i2BHi r2`/2M KɃbb2M- 7QH;i- /�bb BM D2/2K EQ`#
1
2(k + 1) �T72H HB2;2M KɃbb2MX .�KBi Kmbb k mM;2`�/2 b2BMX .� �#2` /m`+? /�b lKH2;2M /2` �T72H BM
2BM2K EQ`# BKK2` 2BM2 ;2`�/2 �Mx�?H �T72H HB2;2M- Kmbb �m+? /B2 w�?H 1

2(k + 1) b2H#bi ;2`�/2 b2BMX
.�KBi rB`/ k �m7 /B2 w�?H2M j KQ/ 9 2BM;2b+?` MFiX

.B2 o2`KmimM; HB2;i ě M�+? 2BMB;2K 1tT2`BK2MiB2`2M ě M�?2- /�bb 7Ƀ` k- /�b mK R FH2BM2` �Hb 2BM2
wr2B2`TQi2Mx Bbi- 2BM 2BM7�+?2` lKH2;2@�H;Q`Bi?Kmb /�b S`Q#H2K HƺbiX qB` M2?K2M �HbQ �M- /�bb /B2
wB2Hx�?H z /2` �Mx�?H �T72H BM D2/2K EQ`#

z =
1

2
(k + 1) = 2n

#2i` ;iX 6Ƀ` /B2 #2B/2M BM /2` �m7;�#2Mbi2HHmM; ;2x2B;i2M "2BbTB2H2 Bbi n = 2 (k = 7) `2bTX n = 3 (k =
15)X qB` r ?H2M ?B2` /2M 6�HH n = 4 (k = 31) mM/ Q`/M2M /B2 jR Eƺ`#2 BM xr2B _2B?2M M2#2M2BM�M/2`
�M- rQ#2B /2` EQ`# KBi #2`2Bib z = 16 �T72HM BM /2` JBii2 b2T�`�i TH�ixB2`i rB`/X
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LmM rB`/ M�+? 7QH;2M/2` _2;2H mK;2H2;i, AM 2BM2M HBMF2M EQ`# H2;i K�M pQK `2+?ib /�M2#2M HB2;2M/2M
EQ`# bQ pB2H2 �T72H- rB2 /2` HBMF2 #2`2Bib 2Mi? HiX .�b bBM/ jk KBMmb /B2 w�?H /2` �T72H BK `2+?i2M EQ`#X
.�KBi p2`/QTT2Hi bB+? /B2 w�?H HBMFb mM/ /B2 w�?H BK `2+?i2M EQ`# 2MibT`B+?i M2m /2` w�?H- r2H+?2
?Q`BxQMi�H M2#2M /2` p2`/QTT2Hi2M w�?H BM /2` GBbi2 bi2?iX .B2 Q#B;2 GBbi2 rB`/ �HbQ mKBMi2`T`2iB2`i
pQM /2` FQMF`2i2M "2/2mimM; /2` Eƺ`#2 xm �#bi`�Fi2M w�?H#2xB2?mM;2M xrBb+?2M xr2B w�?H2M- /B2
D2r2BHb ?Q`BxQMi�H M2#2M2BM�M/2` bi2?2MX L2?K2M rB` �Hb "2BbTB2H /B2 Eƺ`#2 KBi HBMFb Rj �T72HM mM/
`2+?ib RNX oQM /Q`i �mb 2`;B#i bB+? /m`+? 7Q`iH�m72M/2b lKH2;2M /B2 7QH;2M/2 6QH;2 pQM S��`2M,

(13, 19)→ (26, 6)→ (20, 12)→ (8, 24)→ (16, 16)

.m`+? /B2b2 �`i pQM lKH2;2M ?�#2M rB` �HbQ /�b S��` (z, z) 2``2B+?i, AM #2B/2M Eƺ`#2M HB2;2M z �T72HX
o2`bm+?i K�M /B2b2b o2`7�?`2M KBi ;2`�/2M wB2Hx�?H2M- r2H+?2 F2BM2 wr2B2`TQi2Mx bBM/- bQ bi2HHi K�M
72bi- /�bb wvFH2M BM /2` S��`7QH;2 2Mibi2?2M- r2H+?2 MB+?i �m7 /B2 wB2Hx�?H 7Ƀ?`2MX P# BM /B2b2M 6 HH2M
2BM lKH2;2M M�+? 2BM2` �M/2`2M _2;2H xmK wB2H 7Ƀ?`i- H�bb2M rB` pQ`2`bi MQ+? Qz2MX .2MF#�` bBM/
D� lKH2;mM;2M- #2B /2M2M MB+?i ?Q`BxQMi�H M2#2M2BM�M/2` bi2?2M/2 Eƺ`#2 B?`2 �T72H Ƀ#2`;2#2MX AK
H2ixi2M �#b+?MBii x2B;2M rB`- /�bb /B2 pQM wr2B2`TQi2Mx2M p2`b+?B2/2M2M wB2Hx�?H2M F2BM2 GƺbmM;
xmH�bb2MX

LmM #2r2Bb2M rB`- /�bb 7Ƀ` wB2Hx�?H2M z �Hb wr2B2`TQi2Mx2M bQH+?2 wvFH2M- /B2 MB+?i BK S��` (z, z)
2M/2M- mMKƺ;HB+? bBM/X .�xm p2`�#`2/2M rB`- /�bb rB` /B2 S��`2 ;`mM/b ixHB+? bQ b+?`2B#2M- /�bb HBMFb
/B2 FH2BM2`2 w�?H bi2?iX .B2 Q#B;2 6QH;2 bB2?i /�MM bQ �mb,

(13, 19)→ (6, 26)→ (12, 20)→ (8, 24)→ (16, 16)

1BM2 r2Bi2`2 o2`2BM7�+?mM; #2bi2?i /�`BM- /�bb rB` Mm` MQ+? /B2 HBMF2 w�?H MQiB2`2M mM/ /�KBi #2B@
bTB2Hbr2Bb2 7QH;2M/2 6QH;2 2`?�Hi2M,

5→ 10→ 12→ 8→ 16

LmM ;2?i 2b /�`mK xm x2B;2M- /�bb F2BM wvFHmb 2Mibi2?2M F�MM- /�bb �HbQ MB2K�Hb /B2 �mb;�M;x�?H /2`
6QH;2 D2 rB2/2` 2``2B+?i rB`/X a2B �HbQ a1 /B2 �mb;�M;bx�?H Ua1 < z = 2n- �HbQ HBMFb BM /2` h�#2HH2VX
.B2b2 rB`/ KBi 2BM2` ;2rBbb2M �Mx�?H i1 6�FiQ`2M k KmHiBTHBxB2`i #Bb /�b _2bmHi�i BM /B2 `2+?i2 a2Bi2
/2` h�#2HH2 bT`BM;iX >Q`BxQMi�H HBMFb M2#2M /B2b2K _2bmHi�i }M/2i K�M /�MM a2X .�#2B ;BHi 7QH;2M/2
"2xB2?mM;,

a2 = 2n+1 − 2i1a1 mit i1 ∈ N
qɃ`/2 K�M ?B2` a2 = a1 p2`H�M;2M- 2`; #2 bB+? (2i1 + 1) · a1 = 2n+1- r�b 7Ƀ` a1 < 2n MB+?i 2`7ɃHHi
r2`/2M F�MMX �M�HQ; 7QH;i KBi i2 ∈ N,

a3 = 2n+1 − 2i2a2

.�KBi 2`;B#i bB+?,

a3 = 2n+1 − 2i2(2n+1 − 2i1a1) = 2n+1 − 2i2+n+1 + 2i1+i2a1
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qɃ`/2 K�M ?B2` p2`H�M;2M- /�bb a1 = a3- 2`; #2 bB+? rB2/2` 2BM qB/2`bT`m+?- /2MM /B2 "2xB2?mM;

(2i1+i2 − 1) · a1 = 2i2+n+1 − 2n+1 = 2n+1 · (2i2 − 1)

F�MM r2;2M a1 < 2n- i1 > 0 mM/ i2 > 0 MB+?i 2`7ɃHHi r2`/2MX :2?2M rB` 2BM2M a+?`Bii r2Bi2`,

a4 = 2n+1 − 2i3a3

7Ƀ?`i �m7

a4 = 2n+1 − 2i3(2n+1 − 2i2+n+1 + 2i1+i2a1) = 2n+1 − 2i3+n+1 + 2i2+i3+n+1 − 2i1+i2+i3a1

a2ixi K�M a4 = a1- 2`;B#i bB+?

(2i1+i2+i3 + 1) · a1 = 2n+1 · (2i2+i3 − 2i3 + 1) ,

r�b rB2/2`mK MB+?i 2`7ɃHH#�` BbiX �HH;2K2BM 2`? Hi K�M M�+? #2HB2#B; pB2H2M a+?`Bii2M bi2ib 2BM2 "2@
xB2?mM;

u · a1 = 2n+1 · v

KBi mM;2`�/2M TQbBiBp2M w�?H2M u mM/ v- r�b 7Ƀ` 2BM2 M�iɃ`HB+?2 w�?H a1 < 2n MB+?i 2`7ɃHH#�` BbiX
.�KBi Bbi ;2x2B;i- /�bb /B2 wB2Hx�?H z 2``2B+?i r2`/2M KmbbX

wmK �#b+?Hmbb x2B;2M rB`- /�bb wB2Hx�?H2M- /B2 p2`b+?B2/2M pQM 2BM2` wr2B2`TQi2Mx bBM/- F2BM2 GƺbmM;
xmH�bb2MX "2i`�+?i2M rB` /B2 BMp2`b2 lKH2;2QT2`�iBQM, .�MM /�`7 K�M /B2 w�?H a /2` �T72H BM 2BM2K
EQ`# ?�H#B2`2M- bQ72`M /Q`i /B2 w�?H ;2`�/2 Bbi- mM/ /B2b2 > H7i2 BM 2BM2M #2HB2#B;2M �M/2`2M EQ`#
KBi b �T72HM H2;2M- rQ /�MM b+ a

2 �T72H HB2;2MX L2?K2M rB` MmM �M- rB` ? ii2M 2BM2 GƺbmM; KBi xX "X
/2` wB2Hx�?H Rk ;27mM/2M- /X ?X rB` ? ii2M kj Eƺ`#2 KBi D2 Rk �T72HMX q2M/2M rB` MmM /B2 BMp2`b2
lKH2;2QT2`�iBQM #2HB2#B; Q7i �M- bQ rB`/ /2` 6�FiQ` j- r2H+?2` Rk ”p2`b2m+?i“- M�+? D2/2` BMp2`b2M
PT2`�iBQM 2`?�Hi2M #H2B#2M- /2MM /m`+? /�b >�H#B2`2M rB`/ MB2K�Hb /2` 6�FiQ` j 2HBKBMB2`i mM/ /m`+?
/B2 �//BiBQM 2BM2` w�?H KBi 6�FiQ` j mM/ 2BM2` ?�H#2M w�?H- /B2 �m+? /2M 6�FiQ` j 2Mi? Hi- 2Mibi2?i
rB2/2` 2BM2 /m`+? j i2BH#�`2 w�?HX Em`x, J�M rB`/ /B2 o2`b2m+?mM; MB+?i HQbX aQKBi F�MM K�M MB+?i �m7
/B2 ;2;2#2M2 �mb;�M;bp2`i2BHmM; KBi 1, 2, . . . , 23 �T72HM FQKK2M- #2B /2` D� �m+? w�?H2M pQ`FQKK2M-
/B2 F2BM2M 6�FiQ` 3 2Mi?�Hi2MX .�b ;BHi 7Ƀ` �HH2 wB2Hx�?H2M- r2H+?2 2BM2M S`BK7�FiQ` p2`b+?B2/2M pQM k
2Mi?�Hi2MX .�KBi ?�#2M rB` 2BM2M qB/2`bT`m+? ?2`;2H2Bi2iX

j


