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1`; MxmM;2M xm` J2Mb+?2MTv`�KB/2 BK "mHH2iBM L`X R99
Q/2`
1`r2Bi2`mM; /2b S�b+�H@a+?2K�b Ƀ#2` b2BM .`2B2+F ?BM�mb
S2i2` :�HHBM- T2i2`!;�HHBMX+?

AK w2Mi`mK K2BM2` lMi2`bm+?mM;2M xm` J2Mb+?2MTv`�KB/2 BK "mHH2iBM L`X R99 �m7 a2Bi2M k9 #Bb kd
bi�M/ /B2 7QH;2M/2 h�#2HH2- r2H+?2 /B2  mbb2`2 ai`mFim` 2BM2b S�b+�H@.`2B2+Fb �m7r2BbiX �Mbi2HH2 /2`
"BMQKB�HFQ2{xB2Mi2M bi2?2M ?B2` w�?H2M xn,s BM /2` w2BH2 n mM/ /2` aT�Hi2 sX .�b _2Fm`bBQMb;2b2ix
H�mi2i  ?MHB+? rB2 #2B /2M "BMQKB�HFQ2{xB2Mi2M KBi /2K lMi2`b+?B2/- /�bb M�+? /2` �//BiBQM #2M�+?@
#�`i2` w�?H2M MQ+? /B2 wr2B2`TQi2Mx /2` L�+?7QH;2x2BH2 /�xm �//B2`i rB`/, 1b ;BHi �HbQ BK AMM2`M /2b
.`2B2+Fb /B2 _2Fm`bBQMb7Q`K2H

xn+1,s+1 = xn,s + xn,s+1 + 2n+1 , wobei 0 ≤ s < n .

�K _�M/ /2b S�b+�H@a+?2K�b bi2?2M /B2 mK R p2`FH2BM2`i2M wr2B2`TQi2Mx2M,

xn,0 = xn,n = 2n − 1

s 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
n 2er-Potenz
0 1 0
1 2 1 1
2 4 3 6 3
3 8 7 17 17 7
4 16 15 40 50 40 15
5 32 31 87 122 122 87 31
6 64 63 182 273 308 273 182 63
7 128 127 373 583 709 709 583 373 127
8 256 255 756 1212 1548 1674 1548 1212 756 255
9 512 511 1523 2480 3272 3734 3734 3272 2480 1523 511
10 1024 1023 3058 5027 6776 8030 8492 8030 6776 5027 3058 1023
11 2048 2047 6129 10133 13851 16854 18570 18570 16854 13851 10133 6129 2047
12 4096 4095 12272 20358 28080 34801 39520 41236 39520 34801 28080 20358 12272 4095
13 8192 8191 24559 40822 56630 71073 82513 88948 88948 82513 71073 56630 40822 24559 8191
14 16384 16383 49134 81765 113836 144087 169970 187845 194280 187845 169970 144087 113836 81765 49134 16383
15 32768 32767 98285 163667 228369 290691 346825 390583 414893 414893 390583 346825 290691 228369 163667 98285 32767
16 65536 65535 196588 327488 457572 584596 703052 802944 871012 895322 871012 802944 703052 584596 457572 327488 196588 65535

.B2 2tTHBxBi2 6Q`K2H 7Ƀ` xn,s BK "mHH2iBM L`X R99 Bbi �HH2b �M/2`2 �Hb 2BM7�+? mM/ 2BMT` ;b�K- bQ /�bb
B+? b+?QM /�K�Hb �m7 2BM2 o2`2BM7�+?mM; ?Qzi2X .B2 A/22 /�xm ?�i KB` MmM /2` J�i?2K�iBF2` _2KQ
"2`M?�`/b;`Ƀii2` pQM /2` >Q+?b+?mH2 7Ƀ` h2+?MBF BM _�TT2`brBH ;2;2#2M- /2K �M /B2b2` ai2HH2 ;`Qbb2`
.�MF ;2#Ƀ?`iX 1M/HB+? Bbi /2` J�?MbT`m+? K2BM2b p2`2?`i2M J�i?2K�iBFT`Q72bbQ`b 1/m�`/ aiB272H
URNyNĜRNd3V pQM /2` 1h> wɃ`B+? r�?` ;2rQ`/2M, ZmQ/ p2`mK bBKTH2t5

"2pQ` B+? MmM /B2 2tTHBxBi2 "2`2+?MmM; pQM xn,s ;2K bb /2` A/22 pQM _2KQ "2`M?�`/b;`Ƀii2` ?2`H2Bi2-
Kƺ+?i2 B+? �M?�M/ /2b S�b+�H@.`2B2+Fb x2B;2M- rB2 /2bb2M 1`r2Bi2`mM; Ƀ#2` /�b 2B;2MiHB+?2 .`2B2+F
?BM�mb 7`m+?i#�`2 1BMbB+?i2M xmi�;2 7ƺ`/2`M F�MMX �m+? /B2b2 A/22 ?�ii2 B+? �Hb DmM;2` J�i?2K�iBF@
H2?`2` pQM 2BM2K EQHH2;2M pQ` pB2H2M C�?`2M 2`?�Hi2M, >2M`B .2HH2` URNjdĜkyRdV pQM /2` E�MiQMbb+?mH2
wɃ`+?2` P#2`H�M/ bi2+Fi2 KB` /�K�Hb 2BM "H�ii xm- �m7 /2K 2` /�b S�b+�H@.`2B2+F BM �HH2 _B+?imM;2M
2`r2Bi2`i ?�ii2- rB2 2b /B2 M +?bi2 h�#2HH2 x2B;iX GBMFb mM/ `2+?ib /2b 2B;2MiHB+?2M .`2B2+Fb r2`/2M
LmHH2M TH�ixB2`i- r�b MB+?i r2Bi2` 2`bi�mMHB+? BbiX .�KBi ;BHi /B2 _2Fm`bBQMb7Q`K2H /2b S�b+�H@.`2B2+Fb
�m+? 7Ƀ` /B2 _�M/x�?H2M 1BMbX q2MM MmM �#2` ;2;2M Q#2M 2BM2 /2` #2B/2M 6H�MF2M �mb 1BMb2M p2`H M@
;2`i rB`/ mM/ /�b _2Fm`bBQMb;2b2ix r2Bi2`?BM ;2Hi2M bQHH- bQ 7ɃHH2M bB+? /B2 ?Q`BxQMi�H2M w2BH2M Q#2`?�H#
/2b .`2B2+Fb KBi �Hi2`MB2`2M/2M w�?H2M mM/ xr�` #Bb BMb lM2M/HB+?2X
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1`; MxmM;2M xm` J2Mb+?2MTv`�KB/2 BK "mHH2iBM L`X R99
Q/2`
1`r2Bi2`mM; /2b S�b+�H@a+?2K�b Ƀ#2` b2BM .`2B2+F ?BM�mb
S2i2` :�HHBM- T2i2`!;�HHBMX+?

AK w2Mi`mK K2BM2` lMi2`bm+?mM;2M xm` J2Mb+?2MTv`�KB/2 BK "mHH2iBM L`X R99 �m7 a2Bi2M k9 #Bb kd
bi�M/ /B2 7QH;2M/2 h�#2HH2- r2H+?2 /B2  mbb2`2 ai`mFim` 2BM2b S�b+�H@.`2B2+Fb �m7r2BbiX �Mbi2HH2 /2`
"BMQKB�HFQ2{xB2Mi2M bi2?2M ?B2` w�?H2M xn,s BM /2` w2BH2 n mM/ /2` aT�Hi2 sX .�b _2Fm`bBQMb;2b2ix
H�mi2i  ?MHB+? rB2 #2B /2M "BMQKB�HFQ2{xB2Mi2M KBi /2K lMi2`b+?B2/- /�bb M�+? /2` �//BiBQM #2M�+?@
#�`i2` w�?H2M MQ+? /B2 wr2B2`TQi2Mx /2` L�+?7QH;2x2BH2 /�xm �//B2`i rB`/, 1b ;BHi �HbQ BK AMM2`M /2b
.`2B2+Fb /B2 _2Fm`bBQMb7Q`K2H

xn+1,s+1 = xn,s + xn,s+1 + 2n+1 , wobei 0 ≤ s < n .

�K _�M/ /2b S�b+�H@a+?2K�b bi2?2M /B2 mK R p2`FH2BM2`i2M wr2B2`TQi2Mx2M,

xn,0 = xn,n = 2n − 1

s 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
n 2er-Potenz
0 1 0
1 2 1 1
2 4 3 6 3
3 8 7 17 17 7
4 16 15 40 50 40 15
5 32 31 87 122 122 87 31
6 64 63 182 273 308 273 182 63
7 128 127 373 583 709 709 583 373 127
8 256 255 756 1212 1548 1674 1548 1212 756 255
9 512 511 1523 2480 3272 3734 3734 3272 2480 1523 511
10 1024 1023 3058 5027 6776 8030 8492 8030 6776 5027 3058 1023
11 2048 2047 6129 10133 13851 16854 18570 18570 16854 13851 10133 6129 2047
12 4096 4095 12272 20358 28080 34801 39520 41236 39520 34801 28080 20358 12272 4095
13 8192 8191 24559 40822 56630 71073 82513 88948 88948 82513 71073 56630 40822 24559 8191
14 16384 16383 49134 81765 113836 144087 169970 187845 194280 187845 169970 144087 113836 81765 49134 16383
15 32768 32767 98285 163667 228369 290691 346825 390583 414893 414893 390583 346825 290691 228369 163667 98285 32767
16 65536 65535 196588 327488 457572 584596 703052 802944 871012 895322 871012 802944 703052 584596 457572 327488 196588 65535

.B2 2tTHBxBi2 6Q`K2H 7Ƀ` xn,s BK "mHH2iBM L`X R99 Bbi �HH2b �M/2`2 �Hb 2BM7�+? mM/ 2BMT` ;b�K- bQ /�bb
B+? b+?QM /�K�Hb �m7 2BM2 o2`2BM7�+?mM; ?Qzi2X .B2 A/22 /�xm ?�i KB` MmM /2` J�i?2K�iBF2` _2KQ
"2`M?�`/b;`Ƀii2` pQM /2` >Q+?b+?mH2 7Ƀ` h2+?MBF BM _�TT2`brBH ;2;2#2M- /2K �M /B2b2` ai2HH2 ;`Qbb2`
.�MF ;2#Ƀ?`iX 1M/HB+? Bbi /2` J�?MbT`m+? K2BM2b p2`2?`i2M J�i?2K�iBFT`Q72bbQ`b 1/m�`/ aiB272H
URNyNĜRNd3V pQM /2` 1h> wɃ`B+? r�?` ;2rQ`/2M, ZmQ/ p2`mK bBKTH2t5

"2pQ` B+? MmM /B2 2tTHBxBi2 "2`2+?MmM; pQM xn,s ;2K bb /2` A/22 pQM _2KQ "2`M?�`/b;`Ƀii2` ?2`H2Bi2-
Kƺ+?i2 B+? �M?�M/ /2b S�b+�H@.`2B2+Fb x2B;2M- rB2 /2bb2M 1`r2Bi2`mM; Ƀ#2` /�b 2B;2MiHB+?2 .`2B2+F
?BM�mb 7`m+?i#�`2 1BMbB+?i2M xmi�;2 7ƺ`/2`M F�MMX �m+? /B2b2 A/22 ?�ii2 B+? �Hb DmM;2` J�i?2K�iBF@
H2?`2` pQM 2BM2K EQHH2;2M pQ` pB2H2M C�?`2M 2`?�Hi2M, >2M`B .2HH2` URNjdĜkyRdV pQM /2` E�MiQMbb+?mH2
wɃ`+?2` P#2`H�M/ bi2+Fi2 KB` /�K�Hb 2BM "H�ii xm- �m7 /2K 2` /�b S�b+�H@.`2B2+F BM �HH2 _B+?imM;2M
2`r2Bi2`i ?�ii2- rB2 2b /B2 M +?bi2 h�#2HH2 x2B;iX GBMFb mM/ `2+?ib /2b 2B;2MiHB+?2M .`2B2+Fb r2`/2M
LmHH2M TH�ixB2`i- r�b MB+?i r2Bi2` 2`bi�mMHB+? BbiX .�KBi ;BHi /B2 _2Fm`bBQMb7Q`K2H /2b S�b+�H@.`2B2+Fb
�m+? 7Ƀ` /B2 _�M/x�?H2M 1BMbX q2MM MmM �#2` ;2;2M Q#2M 2BM2 /2` #2B/2M 6H�MF2M �mb 1BMb2M p2`H M@
;2`i rB`/ mM/ /�b _2Fm`bBQMb;2b2ix r2Bi2`?BM ;2Hi2M bQHH- bQ 7ɃHH2M bB+? /B2 ?Q`BxQMi�H2M w2BH2M Q#2`?�H#
/2b .`2B2+Fb KBi �Hi2`MB2`2M/2M w�?H2M mM/ xr�` #Bb BMb lM2M/HB+?2X

n
-6 0 0 0 1 -6 21 -56 126 -252
-5 0 0 0 1 -5 15 -35 70 -126
-4 0 0 0 1 -4 10 -20 35 -56
-3 0 0 0 1 -3 6 -10 15 -21
-2 0 0 0 1 -2 3 -4 5 -6
-1 0 0 0 1 -1 1 -1 1 -1
0 0 0 1 0 0 0 0 0
1 0 0 1 1 0 0 0 0
2 0 1 2 1 0 0 0
3 0 1 3 3 1 0 0
4 1 4 6 4 1 0
5 1 5 10 10 5 1

q ?`2M/ BK m`bT`ɃM;HB+?2M "2`2B+? /2b S�b+�H@.`2B2+Fb x2BH2Mr2Bb2 /B2 EQ2{xB2Mi2M /2` 1MirB+F@
HmM; pQM (1 + x)n 7Ƀ` TQbBiBp2 n �#;2H2b2M r2`/2M FƺMM2M- 2`b+?2BM2M MmM Q#2`?�H# x2BH2Mr2Bb2 /B2
EQ2{xB2Mi2M /2` 7Q`K�H2M SQi2Mx`2B?2M 7Ƀ` M2;�iBp2 n,

(1 + x)−1 = 1− x+ x2 − x3 + x4 − x5 + . . .

(1 + x)−2 = 1− 2x+ 3x2 − 4x3 + 5x4 − 6x5 + . . .

(1 + x)−3 = 1− 3x+ 6x2 − 10x3 + 15x4 − 21x5 + . . .

mbrX
J�M Ƀ#2`T`Ƀ7i /B2 EQ``2Fi?2Bi /B2b2` 1MirB+FHmM;2M �K #2bi2M KBii2Hb �#H2Bi2M /2` _2B?2MX

.B2 E2`MB/22 /2` 1`r2Bi2`mM; /2b .`2B2+Fb 7Ƀ?`i MmM �#2` �m+? BK 6�HH /2` w�?H2M xn,s xmK wB2HX
wm2`bi b+?`2B#2M rB` 2BM2M h2BH /2` m`bT`ɃM;HB+?2M h�#2HH2 BM /B2 Ƀ#HB+?2 bvKK2i`Bb+?2 .`2B2+Fb7Q`K
mK- bQ /�bb /B2 aT�Hi2M KBi FQMbi�Mi2K s /B�;QM�H M�+? mMi2M HBMFb H�m72M,

n 2er-Potenz s=0 s=1 s=2 s=3 s=4 s=5 s=6
0 1 -11 -9 -7 -5 -3 -1 0 -1 -3 -5 -7 -9 -11
1 2 -18 -14 -10 -6 -2 1 1 -2 -6 -10 -14 -18
2 4 -28 -20 -12 -4 3 6 3 -4 -12 -20 -28
3 8 -40 -24 -8 7 17 17 7 -8 -24 -40
4 16 -48 -16 15 40 50 40 15 -16 -48
5 32 -32 31 87 122 122 87 31 -32
6 64 63 182 273 308 273 182 63
7 128 373 583 709 709 583 373
8 256 1212 1548 1674 1548 1212
9 512 3272 3734 3734 3272
10 1024 8030 8492 8030
11 2048 18570 18570
12 4096 41236

u

LmM mMi2`bm+?2M rB`- rB2 #2BbTB2Hbr2Bb2 /B2 w�?H kdj Un = 6 mM/ s = 4V �m7;2#�mi rB`/X :2K bb
_2Fm`bBQMb;2b2ix ;BHi, 273 = 122+87+64X :2?2M rB` 2BM2M a+?`Bii r2Bi2` mM/ x2`H2;2M 122 mM/ 87 BM
B?`2 "2bi�M/i2BH2 �mb /2` /�`Ƀ#2` HB2;2M/2M w2BH2,

273 = (50 + 40 + 32) + (40 + 15 + 32) + 64 = 1 · 50 + 2 · 40 + 1 · 15 + 2 · 64

.2` M +?bi2 a+?`Bii rB`/ BMbQ72`M p2`2Bi2Hi- �Hb /�bb rB` /�b .`2B2+F p2`H�bb2M KɃbbi2M- r2BH rB` KBi
/2` w�?H R8 #2`2Bib �K _�M/ bBM/X .�b Bbi /2` JQK2Mi- rQ rB` `2+?ib Q#2`?�H# /2` w�?H R8 2BM2 w�?H
u 2BMb2ix2M KɃbb2M- bQ /�bb /�b _2Fm`bBQMb;2b2ix BKK2` MQ+? ;BHi, 7 + u+ 16 = 15X �HbQ Bbi u = −8-
r�b ;2M�m /2` M2;�iBp2M wr2B2`TQi2Mx /B2b2` w2BH2 2MibT`B+?iX LmM FƺMM2M rB` mMb2`2 w�?H kdj r2Bi2`
x2`H2;2M mM/ 2`?�Hi2M BM /2` w2BH2 j KBi /2` w�?H u mM/ /2M "BMQKB�HFQ2{xB2Mi2M b+?HB2bbHB+?,

273 = 1 · 17 + 3 · 17 + 3 · 7 + 1 · (−8) + 3 · 64

q2MM rB` /�b o2`7�?`2M #Bb ;�Mx Q#2M r2Bi2` i`2B#2M rQHH2M- KɃbb2M rB` �HbQ /�b .`2B2+F b2BiHB+? KBi
;22B;M2i2M w�?H2M 2`; Mx2MX .�#2B x2B;i 2b bB+?- /�bb BM D2/2` w2BH2 bQrQ?H `2+?ib �Hb �m+? HBMFb /B2 �K
.`2B2+F �M;`2Mx2M/2 w�?H /B2 M2;�iBp2 wr2B2`TQi2Mx /2` 2MibT`2+?2M/2M w2BH2 b2BM KmbbX .�M�+? 7QH;i
BM /B2b2` w2BH2 /�b .`2B7�+?2- /�b 6ɃMz�+?2- /�b aB2#2M7�+?2 /B2b2` SQi2MxX .B2b BKK2` KBi /2K wB2H-
/�b _2Fm`bBQMb;2b2ix �m+? �mbb2`?�H# /2` .`2B2+Fb xm 2`7ɃHH2MX aQ 2`?�Hi2M rB` /B2 7QH;2M/2 2`r2Bi2`i2
h�#2HH2,
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n 2er-Potenz s=0 s=1 s=2 s=3 s=4 s=5 s=6
0 1 -11 -9 -7 -5 -3 -1 0 -1 -3 -5 -7 -9 -11
1 2 -18 -14 -10 -6 -2 1 1 -2 -6 -10 -14 -18
2 4 -28 -20 -12 -4 3 6 3 -4 -12 -20 -28
3 8 -40 -24 -8 7 17 17 7 -8 -24 -40
4 16 -48 -16 15 40 50 40 15 -16 -48
5 32 -32 31 87 122 122 87 31 -32
6 64 63 182 273 308 273 182 63
7 128 373 583 709 709 583 373
8 256 1212 1548 1674 1548 1212
9 512 3272 3734 3734 3272
10 1024 8030 8492 8030
11 2048 18570 18570
12 4096 41236

.�b o2`7�?`2M M ?2`i bB+? /2K wB2HX qB` x2`H2;2M kdj MmM BM /2` w2BH2 k- w2BH2 R mM/ w2BH2 y,

273 = 1 · 3 + 4 · 6 + 6 · 3 + 4 · (−4) + 1 · (−12) + 4 · 64

273 = 1 · (−2) + 5 · 1 + 10 · 1 + 10 · (−2) + 5 · (−6) + 1 · (−10) + 5 · 64

273 = 1 · (−3) + 6 · (−1) + 15 · 0 + 20 · (−1) + 15 · (−3) + 6 · (−5) + 1 · (−7) + 6 · 64

.�KBi F�MM K�M kdj KBi 2BM2K aF�H�`T`Q/mFi b+?`2B#2M,

273 =

[(
6

0

)
,

(
6

1

)
,

(
6

2

)
,

(
6

3

)
,

(
6

4

)
,

(
6

5

)
,

(
6

6

)]
◦ [−3,−1, 0,−1,−3,−5,−7] + 6 · 64

.B2 o2`�HH;2K2BM2`mM; Bbi MB+?i #2bQM/2`b b+?r2`X J�M Kmbb #2B ;2;2#2M2M n mM/ s pQM /2` w�?H xn,s
/B�;QM�H M�+? HBMFb Q#2M mM/ M�+? `2+?ib Q#2M 7Q`ib+?`2Bi2M- #Bb K�M �m7 /2` w2BH2 y �M;2FQKK2M BbiX
.Q`i bi2?2M D2M2 M2;�iBp2M mM;2`�/2M w�?H2M- r2H+?2 /2M xr2Bi2M o2FiQ` BK aF�H�`T`Q/mFi #2;`2Mx2MX
.B2 `2+?i2 :`2Mx2 Bbi −(2s− 1) = 1− 2sX .B2 HBMF2 :`2Mx2 Bbi −(2(n− s)− 1) = 1− 2(n− s)X .�KBi
2`;B#i bB+? 7QH;2M/2 a+?Hmbb7Q`K2H 7Ƀ` n > s > 0,

xn,s =

[(
n

0

)
,

(
n

1

)
, . . . ,

(
n

n

)]
◦ [1− 2(n− s), 3− 2(n− s), . . . ,−1, 0,−1,−3, . . . , 1− 2s] + n · 2n

Q/2`

xn,s = n · 2n −
[(

n

0

)
,

(
n

1

)
, . . . ,

(
n

n

)]
◦ [2(n− s)− 1, 2(n− s)− 3, . . . , 1, 0, 1, 3, . . . , 2s− 1]

6Ƀ` n = s 7 HHi /2` HBMF2 h2BH /2b `2+?i2M o2FiQ`b r2; mM/ 7Ƀ` s = 0 Bbi 2b /2` `2+?i2 h2BHX .2` HBMF2
h2BH /2b `2+?i2M o2FiQ`b 2Mi? Hi n−s EQKTQM2Mi2M- /2` `2+?i2 h2BH s EQKTQM2Mi2M- rQKBi /2` ;�Mx2
o2FiQ` xmb�KK2M KBi /2` x2Mi`�H2M LmHH n+ 1 EQKTQM2Mi2M 2Mi? Hi- bQ rB2 �m+? /2` HBMF2 o2FiQ`X

a+?HB2bbHB+? Kƺ+?i2 K�M 2BM2 MQ+? ;2b+?HQbb2M2`2 6Q`K2H �M;2#2MX .B2b ;2HBM;i- BM/2K rB` xr2B amK@
K2M #BH/2M- 2BM2 pQM HBMFb ?2` mM/ 2BM2 pQM `2+?ib ?2`X .�#2B FƺMM2M rB` :2#`�m+? K�+?2M pQM /2`
avKK2i`B2 /2` "BMQKB�HFQ2{xB2Mi2M- bQ /�bb /B2b2 BM #2B/2M amKK2M #2B /2` mMi2`2M w�?H y #2;BMM2M,

xn,s = n · 2n −
n−s−1∑

i=0

(
n

i

)
(2(n− s− i)− 1)−

s−1∑

i=0

(
n

i

)
(2(s− i)− 1) URV

>B2` FƺMM2M MmM /B2 6 HH2 n = s mM/ s = 0 xm;2H�bb2M r2`/2M- r2BH /�MM /B2 2MibT`2+?2M/2M amKK2M
r2;7�HH2MX

6Ƀ` r2Bi2`2 o2`2BM7�+?mM;2M FɃ`x2M rB` /B2 amKK2M KBi (I) mM/ (II) �#,

xn,s = n · 2n − (I)− (II)

JBi >BH72 /2` A/2MiBi i2M

2n =
n∑

i=0

(
n

i

)
und n · 2n−1 =

n∑

i=0

i ·
(
n

i

)

;2HBM;i 2b- /B2 2`bi2 amKK2 (I) mKxm#�m2M �m7 2BM2 amKK2- #2B /2` b+?HB2bbHB+? /2` AM/2t rB2 #2B /2`
xr2Bi2M amKK2 pQM 0 #Bb s− 1 H m7iX

(I) =
n−s−1∑

i=0

(
n

i

)
(2(n− s− i)− 1) = (2n− 2s− 1)

(
2n −

n∑

i=n−s

(
n

i

))
− 2

(
n · 2n−1 −

n∑

i=n−s

i ·
(
n

i

))

am#biBimB2`2M rB` /2M amKK�iBQMbBM/2t /m`+? i = n − j mM/ b+?`2B#2M /�MM rB2/2` i bi�ii j- 2`;B#i
bB+? M�+? /2K lKQ`/M2M /2M amKK2M,

(I) = (2n− 2s− 1)

(
2n −

s∑

i=0

(
n

i

))
− 2

(
n · 2n−1 −

s∑

i=0

(n− i) ·
(
n

i

))

ƹzM2M rB` /B2 ;`Qbb2M EH�KK2`M- bQ 7 HHi 2n
∑s

i=0

(n
i

)
r2;X a+?`2B#2M rB` /2M H2ixi2M amKK�M/2M BM

#2B/2M amKK2M b2T�`�i- bQ 7 HHi 2s
(n
s

)
r2;- mM/ 2b 2`;B#i bB+? /B2 ;2rɃMb+?i2 6Q`K,

(I) = (n− 2s− 1) · 2n +

(
n

s

)
+ (2s+ 1)

s−1∑

i=0

(
n

i

)
− 2

s−1∑

i=0

i ·
(
n

i

)

C2ixi T�bb2M /B2 xr2B amKK2M ;mi xm2BM�M/2`- /2MM

(II) =
s−1∑

i=0

(
n

i

)
(2(s− i)− 1) = (2s− 1)

s−1∑

i=0

(
n

i

)
− 2

s−1∑

i=0

i ·
(
n

i

)
.

aQ 2`?�Hi2M rB` b+?HB2bbHB+? 2BM2 xr2Bi2- p2`? HiMBbK bbB; 2BM7�+?2 a+?Hmbb7Q`K2H,

xn,s = n · 2n − (I)− (II) = (2s+ 1) · 2n −
(
n

s

)
− 4

s−1∑

i=0

(s− i) ·
(
n

i

)
UkV

.B2 EQMi`QHH2 7Ƀ` n = 6 mM/ s = 4 bB2?i /�MM 7QH;2M/2`K�bb2M �mb,

x6,4 = 9 · 64− 15− 4(4 · 1 + 3 · 6 + 2 · 15 + 1 · 20) = 273

G2B/2` Bbi #2B /B2b2` 6Q`K2H UkV /B2 avKK2i`B2 xn,s = xn,n−s MB+?i K2?` bQ /B`2Fi 2`bB+?iHB+? rB2 #2B
/2` 2`bi2M 6Q`K2HX h`Qix/2K ;BHi M�iɃ`HB+? �m+?

x6,4 = x6,2 = 5 · 64− 15− 4(2 · 1 + 1 · 6) = 273 .

LmM ?�i _2KQ "2`M?�`/b;`Ƀii2` �# 6Q`K2H URV 2BM2M �M/2`2M q2; xm` o2`2BM7�+?mM; 2BM;2b+?H�;2M-
BM/2K 2` /B2D2MB;2M h2BH2 /2` #2B/2M amKK2M BM URV- r2H+?2 Mm` `2BM2 "BMQKB�HFQ2{xB2Mi2M 2Mi?�Hi2M-
;2i`2MMi #2�`#2Bi2i mM/ bQ /�MF /2` avKK2i`B2 /2` w2BH2M BK S�b+�H@.`2B2+F xm 2BM2` wr2B2`TQi2Mx
xmb�KK2M7�bb2M F�MM,
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n 2er-Potenz s=0 s=1 s=2 s=3 s=4 s=5 s=6
0 1 -11 -9 -7 -5 -3 -1 0 -1 -3 -5 -7 -9 -11
1 2 -18 -14 -10 -6 -2 1 1 -2 -6 -10 -14 -18
2 4 -28 -20 -12 -4 3 6 3 -4 -12 -20 -28
3 8 -40 -24 -8 7 17 17 7 -8 -24 -40
4 16 -48 -16 15 40 50 40 15 -16 -48
5 32 -32 31 87 122 122 87 31 -32
6 64 63 182 273 308 273 182 63
7 128 373 583 709 709 583 373
8 256 1212 1548 1674 1548 1212
9 512 3272 3734 3734 3272
10 1024 8030 8492 8030
11 2048 18570 18570
12 4096 41236

.�b o2`7�?`2M M ?2`i bB+? /2K wB2HX qB` x2`H2;2M kdj MmM BM /2` w2BH2 k- w2BH2 R mM/ w2BH2 y,

273 = 1 · 3 + 4 · 6 + 6 · 3 + 4 · (−4) + 1 · (−12) + 4 · 64

273 = 1 · (−2) + 5 · 1 + 10 · 1 + 10 · (−2) + 5 · (−6) + 1 · (−10) + 5 · 64

273 = 1 · (−3) + 6 · (−1) + 15 · 0 + 20 · (−1) + 15 · (−3) + 6 · (−5) + 1 · (−7) + 6 · 64

.�KBi F�MM K�M kdj KBi 2BM2K aF�H�`T`Q/mFi b+?`2B#2M,

273 =

[(
6

0

)
,

(
6

1

)
,

(
6

2

)
,

(
6

3

)
,

(
6

4

)
,

(
6

5

)
,

(
6

6

)]
◦ [−3,−1, 0,−1,−3,−5,−7] + 6 · 64

.B2 o2`�HH;2K2BM2`mM; Bbi MB+?i #2bQM/2`b b+?r2`X J�M Kmbb #2B ;2;2#2M2M n mM/ s pQM /2` w�?H xn,s
/B�;QM�H M�+? HBMFb Q#2M mM/ M�+? `2+?ib Q#2M 7Q`ib+?`2Bi2M- #Bb K�M �m7 /2` w2BH2 y �M;2FQKK2M BbiX
.Q`i bi2?2M D2M2 M2;�iBp2M mM;2`�/2M w�?H2M- r2H+?2 /2M xr2Bi2M o2FiQ` BK aF�H�`T`Q/mFi #2;`2Mx2MX
.B2 `2+?i2 :`2Mx2 Bbi −(2s− 1) = 1− 2sX .B2 HBMF2 :`2Mx2 Bbi −(2(n− s)− 1) = 1− 2(n− s)X .�KBi
2`;B#i bB+? 7QH;2M/2 a+?Hmbb7Q`K2H 7Ƀ` n > s > 0,

xn,s =

[(
n

0

)
,

(
n

1

)
, . . . ,

(
n

n

)]
◦ [1− 2(n− s), 3− 2(n− s), . . . ,−1, 0,−1,−3, . . . , 1− 2s] + n · 2n

Q/2`

xn,s = n · 2n −
[(

n

0

)
,

(
n

1

)
, . . . ,

(
n

n

)]
◦ [2(n− s)− 1, 2(n− s)− 3, . . . , 1, 0, 1, 3, . . . , 2s− 1]

6Ƀ` n = s 7 HHi /2` HBMF2 h2BH /2b `2+?i2M o2FiQ`b r2; mM/ 7Ƀ` s = 0 Bbi 2b /2` `2+?i2 h2BHX .2` HBMF2
h2BH /2b `2+?i2M o2FiQ`b 2Mi? Hi n−s EQKTQM2Mi2M- /2` `2+?i2 h2BH s EQKTQM2Mi2M- rQKBi /2` ;�Mx2
o2FiQ` xmb�KK2M KBi /2` x2Mi`�H2M LmHH n+ 1 EQKTQM2Mi2M 2Mi? Hi- bQ rB2 �m+? /2` HBMF2 o2FiQ`X

a+?HB2bbHB+? Kƺ+?i2 K�M 2BM2 MQ+? ;2b+?HQbb2M2`2 6Q`K2H �M;2#2MX .B2b ;2HBM;i- BM/2K rB` xr2B amK@
K2M #BH/2M- 2BM2 pQM HBMFb ?2` mM/ 2BM2 pQM `2+?ib ?2`X .�#2B FƺMM2M rB` :2#`�m+? K�+?2M pQM /2`
avKK2i`B2 /2` "BMQKB�HFQ2{xB2Mi2M- bQ /�bb /B2b2 BM #2B/2M amKK2M #2B /2` mMi2`2M w�?H y #2;BMM2M,

xn,s = n · 2n −
n−s−1∑

i=0

(
n

i

)
(2(n− s− i)− 1)−

s−1∑

i=0

(
n

i

)
(2(s− i)− 1) URV

>B2` FƺMM2M MmM /B2 6 HH2 n = s mM/ s = 0 xm;2H�bb2M r2`/2M- r2BH /�MM /B2 2MibT`2+?2M/2M amKK2M
r2;7�HH2MX

6Ƀ` r2Bi2`2 o2`2BM7�+?mM;2M FɃ`x2M rB` /B2 amKK2M KBi (I) mM/ (II) �#,

xn,s = n · 2n − (I)− (II)

JBi >BH72 /2` A/2MiBi i2M

2n =
n∑

i=0

(
n

i

)
und n · 2n−1 =

n∑

i=0

i ·
(
n

i

)

;2HBM;i 2b- /B2 2`bi2 amKK2 (I) mKxm#�m2M �m7 2BM2 amKK2- #2B /2` b+?HB2bbHB+? /2` AM/2t rB2 #2B /2`
xr2Bi2M amKK2 pQM 0 #Bb s− 1 H m7iX

(I) =
n−s−1∑

i=0

(
n

i

)
(2(n− s− i)− 1) = (2n− 2s− 1)

(
2n −

n∑

i=n−s

(
n

i

))
− 2

(
n · 2n−1 −

n∑

i=n−s

i ·
(
n

i

))

am#biBimB2`2M rB` /2M amKK�iBQMbBM/2t /m`+? i = n − j mM/ b+?`2B#2M /�MM rB2/2` i bi�ii j- 2`;B#i
bB+? M�+? /2K lKQ`/M2M /2M amKK2M,

(I) = (2n− 2s− 1)

(
2n −

s∑

i=0

(
n

i

))
− 2

(
n · 2n−1 −

s∑

i=0

(n− i) ·
(
n

i

))

ƹzM2M rB` /B2 ;`Qbb2M EH�KK2`M- bQ 7 HHi 2n
∑s

i=0

(n
i

)
r2;X a+?`2B#2M rB` /2M H2ixi2M amKK�M/2M BM

#2B/2M amKK2M b2T�`�i- bQ 7 HHi 2s
(n
s

)
r2;- mM/ 2b 2`;B#i bB+? /B2 ;2rɃMb+?i2 6Q`K,

(I) = (n− 2s− 1) · 2n +

(
n

s

)
+ (2s+ 1)

s−1∑

i=0

(
n

i

)
− 2

s−1∑

i=0

i ·
(
n

i

)

C2ixi T�bb2M /B2 xr2B amKK2M ;mi xm2BM�M/2`- /2MM

(II) =
s−1∑

i=0

(
n

i

)
(2(s− i)− 1) = (2s− 1)

s−1∑

i=0

(
n

i

)
− 2

s−1∑

i=0

i ·
(
n

i

)
.

aQ 2`?�Hi2M rB` b+?HB2bbHB+? 2BM2 xr2Bi2- p2`? HiMBbK bbB; 2BM7�+?2 a+?Hmbb7Q`K2H,

xn,s = n · 2n − (I)− (II) = (2s+ 1) · 2n −
(
n

s

)
− 4

s−1∑

i=0

(s− i) ·
(
n

i

)
UkV

.B2 EQMi`QHH2 7Ƀ` n = 6 mM/ s = 4 bB2?i /�MM 7QH;2M/2`K�bb2M �mb,

x6,4 = 9 · 64− 15− 4(4 · 1 + 3 · 6 + 2 · 15 + 1 · 20) = 273

G2B/2` Bbi #2B /B2b2` 6Q`K2H UkV /B2 avKK2i`B2 xn,s = xn,n−s MB+?i K2?` bQ /B`2Fi 2`bB+?iHB+? rB2 #2B
/2` 2`bi2M 6Q`K2HX h`Qix/2K ;BHi M�iɃ`HB+? �m+?

x6,4 = x6,2 = 5 · 64− 15− 4(2 · 1 + 1 · 6) = 273 .

LmM ?�i _2KQ "2`M?�`/b;`Ƀii2` �# 6Q`K2H URV 2BM2M �M/2`2M q2; xm` o2`2BM7�+?mM; 2BM;2b+?H�;2M-
BM/2K 2` /B2D2MB;2M h2BH2 /2` #2B/2M amKK2M BM URV- r2H+?2 Mm` `2BM2 "BMQKB�HFQ2{xB2Mi2M 2Mi?�Hi2M-
;2i`2MMi #2�`#2Bi2i mM/ bQ /�MF /2` avKK2i`B2 /2` w2BH2M BK S�b+�H@.`2B2+F xm 2BM2` wr2B2`TQi2Mx
xmb�KK2M7�bb2M F�MM,
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xn,s = n · 2n −
n−s−1∑

i=0

(
n

i

)
(2(n− s− i))−

s−1∑

i=0

(
n

i

)
(2(s− i)) +

n−s−1∑

i=0

(
n

i

)
+

s∑

i=0

(
n

i

)

︸ ︷︷ ︸
2n

−
(
n

s

)

xn,s = (n+ 1) · 2n −
(
n

s

)
− 2

n−s−1∑

i=0

(
n

i

)
(n− s− i)− 2

s−1∑

i=0

(
n

i

)
(s− i)

LmM 7�bbi 2` 2BM #2bQM/2`2b wB2H BMb �m;2- M KHB+? /B2 A/2MiBi i
(
n

i

)
(n− i) = n

(
n− 1

i

)

�Mr2M/2M xm FƺMM2M,

xn,s = (n+1)·2n−
(
n

s

)
−2·
(

n−s−1∑

i=0

(
n

i

)
(n− i)− s

n−s−1∑

i=0

(
n

i

))
−2·
(

s−1∑

i=0

(
n

i

)
(n− i)− (n− s)

s−1∑

i=0

(
n

i

))

xn,s = (n+1) ·2n−
(
n

s

)
+2s

n−s−1∑

i=0

(
n

i

)
+2(n−s)

s−1∑

i=0

(
n

i

)
−2 ·

(
n−s−1∑

i=0

(
n

i

)
(n− i) +

s−1∑

i=0

(
n

i

)
(n− i)

)

lM/ rB2/2` #2MɃixi K�M /B2 avKK2i`B2 /2` w2BH2M BK S�b+�H@.`2B2+F,

xn,s = (n+1) ·2n−
(
n

s

)
+2s

n−s−1∑

i=0

(
n

i

)
+2(n−s)

s−1∑

i=0

(
n

i

)
−2 ·




(n−1)−s∑

i=0

n

(
n− 1

i

)
+

s−1∑

i=0

n

(
n− 1

i

)



︸ ︷︷ ︸
n·2n−1

.m`+? wmb�KK2M7�bb2M �HH2` wr2B2`TQi2Mx2M ;2H�M;i 2` xm` /`Bii2M a+?Hmbb7Q`K2H ;2Q`/M2i M�+? �m7@
bi2B;2M/2M "BMQKB�HFQ2{xB2Mi2M /2` n@i2M w2BH2,

xn,s = 2n + 2(n− s)
s−1∑

i=0

(
n

i

)
−
(
n

s

)
+ 2s

n∑

i=s+1

(
n

i

)
UjV

J�+?2M rB` /B2 S`Q#2 7Ƀ` n = 6 mM/ s = 4,
x6,4 = 64 + 2 · 2 · (1+ 6+ 15+ 20)− 15+ 2 · 4 · (6+ 1) = 273

6Ƀ` FH2BM2 s- M KHB+? 2s ≤ n- r�b D� r2;2M xn,s = xn,n−s bi2ib 2``2B+?i r2`/2M F�MM- ?2#2M bB+? /�MF
/2` avKK2i`B2 /2` w2BH2M BK S�b+�H@.`2B2+F ;2rBbb2 "BMQKB�HFQ2{xB2Mi2M KBi /2K 6�FiQ` 2s r2; mM/
K�M 2`? Hi 2BM2 a+?Hmbb7Q`K2H- /B2 K�M bB+? bQ;�` 7Ƀ` /�b EQT7`2+?M2M K2`F2M F�MM,

xn,s = 2n + 2n
s−1∑

i=0

(
n

i

)
−
(
n

s

)
+ 2s

n−s∑

i=s+1

(
n

i

)
,wobei 2s ≤ n U9V

wmK a+?Hmbb bQHH �m+? ?B2` /B2 S`Q#2 ;2K�+?i r2`/2M,
x6,2 = 64 + 2 · 6 · (1+ 6)− 15+ 2 · 2 · (20+ 15) = 273

6�xBi, ZmQ/ p2`mK bBKTH2t5


