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_ûbmKû
G� `ûbQHmiBQM /2 +2`i�BMb T`Q#HĕK2b T2`K2i /ǶBMi`Q/mB`2 2i /2 `2HB2` 2Mi`2 2mt /Bzû`2Mib +QM+2Tib
K�i?ûK�iB[m2bX G� bBim�iBQM T`QTQbû2 +B@�T`ĕb K2 b2K#H2 T�`iB+mHBĕ`2K2Mi 7�pQ`�#H2 ¨ +2 ;2M`2
/Ƕ�+iBpBiûX

R G2 T`Q#HĕK2 /2b T2`Kmi�iBQMb b�Mb TQBMi }t2

PM /BbTQb2 /2 n #QmH2b MmKû`Qiû2b /2 1 ¨ n 2i n #Qŗi2b û;�H2K2Mi MmKû`Qiû2b /2 1 ¨ nX PM TH�+2 �m
?�b�`/ mM2 #QmH2 /�Mb +?�[m2 #Qŗi2X .ûi2`KBM2` H� T`Q#�#BHBiû [mǶ�m+mM2 #QmH2 M2 bQBi TH�+û2 /�Mb H�
#Qŗi2 TQ`i�Mi bQM MmKû`QX 1M 7�Bb�Mi HǶ?vTQi?ĕb2 [m2 H2b ûpûM2K2Mib ûHûK2Mi�B`2b bQMi û[mBT`Q#�#H2b-
BH bǶ�;Bi /2 +�H+mH2` H2 MQK#`2 /2 +�b 7�pQ`�#H2b ¨ HǶûpûM2K2Mi +QMbB/û`û- +Ƕ2bi@¨@/B`2 H2 MQK#`2 /2
T2`Kmi�iBQMb MǶ�v�Mi �m+mM TQBMi }t2X PM �TT2HH2`� /Q`ûM�p�Mi /û`�M;2K2Mi mM i2H ûpûM2K2MiX aB
H2 MQK#`2 /2b T2`Kmi�iBQMb /2 HǶ2Mb2K#H2 En = {1, 2, ..., n} 2bi n!- MQmb MQi2`QMb dn H2 MQK#`2 /2b
ûHûK2Mib /2 HǶ2Mb2K#H2 Dn /2b /û`�M;2K2Mib /2 EnX .ĕb HQ`b H� T`Q#�#BHBiû [mǶ�m+mM2 #QmH2 T�`KB H2b
n #QmH2b /QMMû2b M2 bQBi TH�+û2 /�Mb H� #Qŗi2 TQ`i�Mi bQM MmKû`Q 2bi û;�H2 ¨ pn = dn

n! X

RXR S`2KBĕ`2 `2H�iBQM /2 `û+m``2M+2

*�H+mH /2 dn TQm` [m2H[m2b T2iBi2b p�H2m`b /2 n

M41 M42 M43

E1 = {1}
D1 = {}
d1 = 0

E2 = {1, 2}
D2 = {(1 2)}
d2 = 1

E3 = {1, 2, 3}
D3 = {(1 2 3), (1 3 2)}
d3 = 2

M49
E4 = {1, 2, 3, 4}
D4 = {(1 2)(3 4), (1 3)(2 4), (1 4)(2 3), (1 2 3 4), (1 2 4 3), (1 3 2 4), (1 3 4 2),

(1 4 2 3), (1 4 3 2)}
d4 = 9

�mi`2 TQBMi /2 pm2 TQm` H2 +�H+mH /2 d4

PM T2mi �mbbB +QMbB/û`2` iQmi2b H2b T2`Kmi�iBQMb f /2 E4 2i Ƭi2` +2HH2b [mB TQbbĕ/2Mi �m KQBMb mM
TQBMi }t2 Uf(p) = p TQm` mM p ∈ E4 VX

G2 MQK#`2 /2 T2`Kmi�iBQMb /2 E4 [mB +QMiB2MM2Mi k TQBMib }t2b 2bi C 4
k d4−kX PM � /QM+ ,

d4 = 4!− (1 + C 4
3 d1 + C 4

2 d2 + C 4
1 d3 )

= 24− (1 + 0 + 6 · 1 + 4 · 2)
= 24− 15 = 9
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SQm` d5 QM i`Qmp2 ,
d5 = 5!− (1 + C5

4 d1 + C5
3 d2 + C5

2 d3 + C5
1 d4)

1M T`QHQM;2�Mi H2 `�BbQMM2K2Mi TQm` dn- QM Q#iB2Mi ,
dn = n!− (1 + Cn

n−1 d1 + Cn
n−2 d2 + · · ·+ Cn

1 dn−1) URV

PM pû`B}2 �BbûK2Mi [m2 HǶQM Q#iB2Mi H2b KāK2b p�H2m`b [m2 /�Mb H2 +�H+mH T`û+û/2MiX

RXk .2mtBĕK2 `2H�iBQM /2 `û+m``2M+2

G� 7Q`KmH2 +B@/2bbmb 2bi T2m +QKKQ/2- +�` 2HH2 2tB;2 H2 +�H+mH T`û�H�#H2 2i H2 biQ+F�;2 /2 iQmi2b H2b
p�H2m`b /2 dk, k < nX LQmb �HHQMb i`Qmp2` mM2 7Q`KmH2 /2 `û+m``2M+2 [mB M2 7�Bi BMi2`p2MB` [m2 dn−1 2i
dn−2 /�Mb H2 +�H+mH /2 dnX

S�`iBiBQM /2 HǶ2Mb2K#H2 Dn

*QMbB/û`QMb /Ƕ�#Q`/ HǶ2Mb2K#H2 An /2b T2`Kmi�iBQMb /2 Dn i2HH2b [m2 f(1) = k 2i f(k) = 1X AH v �
n− 1 TQbbB#BHBiûb /2 +?QBbB` k = f(1)X G2 MQK#`2 /ǶûHûK2Mib /2 An 2bi /QM+ û;�H ¨

an = (n− 1) dn−2

*QMbB/û`QMb 2MbmBi2 HǶ2Mb2K#H2 Bn /2b T2`Kmi�iBQMb /2 Dn- +QKTHûK2Mi�B`2 /2 An T�` `�TTQ`i ¨ Dn-
2i MQiQMb bn H2 MQK#`2 /2 +2b T2`Kmi�iBQMbX

f ∈ Bn ⇔ f(1) = k 2i f(h) = 1 TQm` h ≠ k

� +?�[m2 T2`Kmi�iBQM f /2 Bn QM T2mi �bbQ+B2` mM2 T2`Kmi�iBQM g /2 HǶ2Mb2K#H2 {2 , 3 , . . . , n} +QKK2
bmBiX

aB f(1) = k 2i f(h) = 1- QM TQb2 g(h) = kX .�Mb H2b �mi`2b +�b- g(p) = f(p)

1i�Mi /QMMû [m2 iQmi2 T2`Kmi�iBQM b2 /û+QKTQb2 2M T2`Kmi�iBQMb +B`+mH�B`2b /BbDQBMi2b 2i 2M i2M�Mi
+QKTi2 [m2 TQm` +?�+mM2 /2 +2b /2`MBĕ`2b QM T2mi �TTHB[m2` H2 b+?ûK� +B@/2bbmb- QM 2M /û/mBi �HQ`b
[mǶmM2 T2`Kmi�iBQM g /QMMû2 T2mi T`Qp2MB` /2 n− 1 /û`�M;2K2Mib /Bzû`2Mib /2 BnX PM � /ĕb HQ`b

bn = (n− 1) dn−1

6BM�H2K2Mi-
dn = an + bn

= (n− 1) dn−2 + (n− 1) dn−1

= (n− 1) (dn−1 + dn−2) UkV
*QMM�Bbb�Mi d1 = 0 2i d2 = 1 QM T2mi +�H+mH2` dn /2 T`Q+?2 2M T`Q+?2 2M M2 +QMb2`p�Mi 2M KûKQB`2
[m2 H2b /2mt /2`MBĕ`2b p�H2m`b Q#i2Mm2bX
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RXj h`QBbBĕK2 `2H�iBQM /2 `û+m``2M+2

PM T2mi �KûHBQ`2` H� 7Q`KmH2 UkV +QKK2 bmBi ,

dn = (n− 1) (dn−1 + dn−2)

⇔ dn − n dn−1 = −(dn−1 − (n− 1) dn−2)

SQbQMb un = dn − n dn−1 2i KQMi`QMb [m2 un = (−1)n 2M miBHBb�Mi mM `�BbQMM2K2Mi T�` `û+m``2M+2X

M4k
u2 = d2 − 2 d1 = 1− 0 = 1 = (−1)2

M4j
u3 = d3 − 3 d2 = 2− 3 · 1 = −1 = (−1)3

M #→ MYR

un+1 = dn+1 − (n+ 1) dn = n (dn + dn−1)− (n+ 1) dn

= n dn−1 − dn = −(dn − n dn−1)

= −un = (−1)(−1)n = (−1)n+1

PM 2M /û/mBi [m2 dn − n dn−1 = (−1)n 2i

dn = (−1)n + n dn−1 UjV

RX9 6Q`KmH2 2tTHB+Bi2 TQm` H2 +�H+mH /2 pn

pn =
dn
n!

=
(−1)n + n dn−1

n!
=

(−1)n

n!
+

dn−1

(n− 1)!

.ǶQɍ
pn = pn−1 +

(−1)n

n!
.ĕb HQ`b-

p2 =
1

2
=

1

2!

p3 =
1

2!
− 1

3!

p4 =
1

2!
− 1

3!
+

1

4!

pn =
n∑

k=2

(−1)k

k!
=

n∑

k=0

(−1)k

k!
U9V

PM `2+QMM�Bi H2 /ûp2HQTT2K2Mi /2 e−1X �BMbB-

lim
n "→∞

pn =
1

e

.2 H� 7Q`KmH2 U9V- QM /û/mBi �HQ`b [m2 H2 MQK#`2 /2 T2`Kmi�iBQMb b�Mb TQBMi }t2 2bi

dn = n!
n∑

k=0

(−1)k

k!
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k G2 T`Q#HĕK2 /2 T2`Kmi�iBQMb �p2+ mM MQK#`2 /QMMû /2 TQBMib }t2b

AMiû`2bbQMb@MQmb K�BMi2M�Mi ¨ H� T`Q#�#BHBiû [m2 k #QmH2b 2t�+i2K2Mi �B2Mi ûiû #B2M TH�+û2bX *QMbB@
/û`QMb /Ƕ�#Q`/ mM 2Mb2K#H2 T�`iB+mHB2` Qɍ 2t�+i2K2Mi k #QmH2b QMi ûiû #B2M TH�+û2bX G� T`Q#�#BHBiû
[mǶ�m+mM2 /2b n− k #QmH2b `2bi�Mi2b M2 bQBi #B2M TH�+û2 2bi

1− 1 +
1

2!
− · · ·+ (−1)n−k

(n− k)!

PM 2M /û/mBi [m2 H2 MQK#`2 /2 +�b Qɍ- TQm` HǶ2Mb2K#H2 T�`iB+mHB2` +?QBbB- �m+mM2 /2b n− k #QmH2b M2
bQBi #B2M TH�+û2 2bi

(n− k)!
(
1− 1 +

1
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1
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PM +QMbi�i2 [m2 H� p�`B�#H2 �Hû�iQB`2 BM/B[m�Mi H2 MQK#`2 /2 #QmH2b #B2M TH�+û2b bmBi mM2 HQB /2 SQBbbQM
�p2+ λ = 1 2i µ = 1X
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